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• Classical Supervised Learning: ℝ𝒎 → ℝ𝒏 (Fixed Dimensions)

Universality (Expressivity of models):
Neural Networks can approximate any continuous function
𝒞(ℝ# , ℝ$) on a compact domain 𝐾 ⊆ ℝ# to arbitrary precision1:

• Any-Dimensional Objects:
 Sets, Graphs, Point clouds with varying sizes

Any-Dimensional Models:
DeepSets2, GNNs3, PointNet4,……

sup%∈'|𝑓 𝑥 − 𝑓( ) (𝑥)| ≤ 𝜀

1Hornik, et al. (1989) "Multilayer feedforward networks are universal approximators." Neural networks
2 Zaheer, et al. (2017) " Deep sets." NeurIPS
3 Gori, et al. (2005) "A new model for learning in graph domains." IJCNN
4 Qi, et al. (2017) "PointNet: Deep learning on point sets for 3d classification and segmentation." CVPR

Can any-dimensional models universally
approximate functions across dimensions?

Finite parameters ⟹ Infinite functions 𝑓*, 𝑓+, 𝑓,, …
   (defined on growing sized spaces 𝑉-)

Example: Graph parameters (total weight of  all edges)

𝑓 𝑊 = ∑*.-./.$𝑊-/ , 𝑊 ∈ ℝ012$×$, ∀𝑛 ∈ ℕ

𝑓*: ℝ012*×* → ℝ
𝑓+: ℝ012+×+ → ℝ
𝑓,: ℝ012,×, → ℝ…

The functions do not have a single input space!

Motivation

Construct Limit space 𝑽4 (the single input space), containing
each 𝑉- as subspace (formal construction in the paper)

𝑉4 𝑉$

Any-dimensional universality challenge

Recipe for any-dimensional universality

Universal models

Future work

5 Lovász, László. (2012) "Large networks and graph limits." American Mathematical Soc
6 Levin, Ma, et al. (2025) "On Transferring Transferability: Towards a Theory for Size Generalization." NeurIPS

1. Characterize compact sets in the limit space

2. Construct continuous models on the limit space

3. Establish universality based on Stone-Weierstrass argument
(subalgebra + separating points)

• Establish any-dimensional equivariant universality
• Extend the framework to sparse graphs

• Set functions (permutation invariant)

Normalized DeepSets7 is universal

• Graph functions (permutation invariant)

Pointwise nonlinearity is not continuous w.r.t. cut distance

Construct universal model via homomorphism densities

• Point clouds functions (permutation and rotation invariant)

By Gram map and Invariant Graphon Networks (IGN)8

DeepSets4 𝜇 = 𝜎( ∫𝜌( d𝜇 , 𝜎( ∈ 𝒞(ℝ5 , ℝ), 𝜌( ∈ 𝒞(ℝ6 , ℝ5)

7 Bueno, et al. (2021) "On the representation power of set pooling networks." NeurIPS
8 Herbst, et al. (2025) “Higher-Order Graphon Neural Networks: Approximation and Cut Distance.” ICLR

ℎ# 𝑊 = ∫7,* !∏*.-9/.#(𝑎-/𝑊 𝑥- , 𝑥/ + 𝑏-/) d𝐱

𝑋 ⟼ *
+:"

𝑋 𝑥 , 𝑋 𝑦 + *
+
≜𝑊;(𝑥, 𝑦) ⟼ IGN(𝑊;)

How to think functions across dimensions?

project to n-dimensional space

𝑥!, 𝑥", … , 𝑥# ⟺ ⟺
permutation
invariant

Any-dimensional
vectors

Step functions
on [0,1]

Empirical
measures

𝑉! ≅ 𝐿" 0,1 = 𝑓: 0,1 → ℝ	measurable	 ∶ 8
#

$
𝑓 𝑡 "𝑑𝑡 < ∞

Permutation invariant ⇒ 𝒫<(ℝ) (the probability space with𝑊<)

• Graphs: 𝑉$ = ℝ012$×$ with cut norm

⟺

Any-dimensional
graphs

Step functions
on 0,1 %

⟺
permutation
invariant

Graphon5 space
with cut distance

Relabeling
Orbit

An any-dimensional function (model) corresponds to a
continuous6 function defined on 𝑽4

Remark: the invariance makes compact sets sufficient rich

𝑉! ≅ 𝑊: 0,1 % → 0,1 	measurable	symmetric

Examples:

• Sets: 𝑉$ = ℝ$ with normalized ℓ<-norm


