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Abstract

Traditional supervised learning typically operates within fixed input-output di-

mensions. In contrast, the emerging research field of any-dimensional learning

aims to approximate sequences of functions defined over arbitrary dimensions.

By leveraging symmetries such as group action invariance and equivariance,

these methods enable models trained in low-dimensional spaces to generalize

effectively to high-dimensional settings. Building upon the recent transferabil-

ity framework [1], which guarantees performance consistency across dimensions,

this work addresses the fundamental challenge of expressivity. Specifically, un-

der the constraint of group action invariance, we propose transferable archi-

tectures and establish their universality for three fundamental types of any-

dimensional data: sets, graphs, and point clouds.
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Chapter 1

Introduction

Traditional supervised learning typically aims to learn mappings between fixed

input and output dimensions using training examples of the same size. How-

ever, many modern learning tasks involve maps defined for arbitrary dimensions.

For instance, graph parameters, particle system dynamics, and regularizers re-

main meaningful regardless of the number of nodes, particles, or variables. To

tackle these problems, several recent any-dimensional architectures have been

proposed. These architectures parameterize an infinite sequence of functions

with varying input and output dimensions using only finitely many parame-

ters. Examples include Graph Neural Networks (GNN) [2], DeepSets [3], and

PointNet [4].

Following this, it is important to understand the specific properties of the

model, data, and task that allow learning performance to generalize across vary-

ing dimensions. This phenomenon, termed transferability, was first studied in

the literature on GNNs [5, 2, 6, 7] by leveraging the tools of graphon theory [8].

Recent work [1] proposed a general framework for transferability that extends

beyond the context of GNNs. They provide a formal definition of the concept
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and demonstrate that transferability is achieved whenever specific conditions of

compatibility and continuity are satisfied. Given the theoretical framework, a

natural but fundamental question is:

Can any-dimensional models universally approximate functions defined
across dimensions?

Universal approximation is a cornerstone of machine learning theory, origi-

nating from the classical universality results for fully connected neural networks

[9]. However, for any-dimensional models, the challenge becomes more subtle.

Such architectures must be not only universal, but also transferable across di-

mensions. Achieving this dual objective is equivalent to constructing a model

that is both continuous and universal within the corresponding limit space.

Main contributions Next, we summarize our main contributions.

1. (Universality for any-dimensional set models) We investigate both zero-

padding and duplication-padding compatibilities for permutation-invariant

set functions. For each case, we propose transferable invariant models and

establish their universality. Our architectures build based on DeepSets [3]

and normalized DeepSets [10]. Furthermore, we extend the conditions for

the universality of normalized DeepSets originally established in [10].

2. (Universality for any-dimensional graph models) We study duplication-

padding compatibility and invariance under node permutation for graph

functions, which naturally aligns with the graphon theory in [8]. We in-

troduce Tensor Contraction Graphon Networks (TGN) and establish its
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universality within the graphon space equipped with the 𝛿𝑝 distance. Fur-

thermore, our architecture is capable of approximating all functions con-

tinuous with respect to the cut distance 𝛿□, representing an advancement

over the architecture proposed in [11].

3. (Universality for any-dimensional point cloud models) We analyze duplication-

padding compatibility alongside invariance under both point permutation

and rotation action for point cloud functions. We propose an architecture

based on Invariant Graphon Networks (IWN) [11] and prove its univer-

sality.

Outline Section 1.2 in this chapter reviews related work. Chapter 2 summa-

rizes the theoretical framework for transferability across dimensions introduced

in [1].Chapter ?? first formalizes our goal of universality and outlines the general

proof sketch, and then presents specific instantiations for set, graph, and point

cloud functions; for each case, we introduce a transferable model and prove its

universality. Chapter 4 includes all the missing proofs from Chapter ??. Finally,

Chapter 5 concludes the paper and outlines the directions for future work.

1.1 Notation

We use R to denote the set of real numbers, N the set of positive integers, and

N0 = N ∪ {0}. For any 𝑛 ∈ N, let [𝑛] := {1, . . . , 𝑛}. We denote the orthogonal

group of dimension 𝑘 by O(𝑘), and the symmetric group of permutations of 𝑛

elements by S𝑛. On the domain [0, 1], we denote the class of measure-preserving

bijections by 𝑆[0,1] , and the class of measure-preserving functions by 𝑆 [0,1] . Let
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𝐶 (X,Y) denote the class of continuous functions mapping from a topological

space X to Y. When Y = R, we simply write 𝐶 (X). For a normed vector

space X, 𝐶0(X) denotes the subspace of 𝐶 (X) consisting of functions vanishing

at infinity. Let B(X,Y) denote the space of bounded linear operators from a

normed space X to Y. For a measure space (X, 𝜇), let 𝐿𝑝 (X;R𝑘 ) denote the

space of measurable functions 𝑓 : X → R𝑘 with finite 𝐿𝑝 norm, i.e., ∥ 𝑓 ∥𝑝 :=

(
∫
X ∥ 𝑓 (𝑥)∥𝑝

R𝑘
𝑑𝜇(𝑥))1/𝑝 < ∞, where ∥ · ∥R𝑘 is a fixed norm on R𝑘 . We denote

by ℓ𝑝 (R𝑑) the sequence space of real-valued vector sequences 𝑋 = (𝑋𝑛:)𝑛∈N

satisfying ∑︁∞
𝑛=1 ∥𝑋𝑛:∥

𝑝

R𝑑
< ∞. We use ∥ · ∥𝑝 to denote 𝐿𝑝 or ℓ𝑝 norm. Let

N𝑤,𝜙 (𝑑, ℎ) denote the class of functions 𝑓 : R𝑑 → Rℎ represented by 𝑤-layer

fully connected neural networks with activation function 𝜙, where 𝑑, ℎ ∈ N. Let

F𝑝 (R𝑑 ,Rℎ) be the class of continuous functions satisfying the 𝑝-moment growth

condition; that is, there exists a constant 𝐶 > 0 such that ∥ 𝑓 (𝑥)∥ ≤ 𝐶 (1+ ∥𝑥∥𝑝)

for all 𝑥 ∈ R𝑑. Let P(X) be the set of probability measures on a space X. We

denote by P𝑝 (R𝑘 ) the subset of probability measures on R𝑘 with finite 𝑝-th

moment. For a measurable function 𝑓 : X → Y and a measure 𝜇 ∈ P(X), we

denote the pushforward measure on Y by 𝑓#𝜇, defined as ( 𝑓#𝜇) (𝐴) = 𝜇( 𝑓 −1(𝐴))

for all measurable sets 𝐴 ⊆ Y.

1.2 Related work

Expressivity of machine learning The universal approximation capability

of fully connected neural networks for continuous functions in compact subsets

was established in early seminal works [9, 12, 13, 14]. Recently, several stud-

ies have generalized these results to unbounded domains [15, 16, 17], provided
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that the target continuous functions and network activation functions satisfy

specific conditions. In the context of GNNs, representation capacity is known

to be limited [18] and is typically characterized by the Weisfeiler-Lehman (WL)

graph isomorphism test [19]. Numerous works have investigated the expressive

power of various GNNs variants using the WL-test [18, 20, 21]. For invari-

ant and equivariant machine learning, several architectures have been proven

universal for approximating continuous invariant/equivariant maps [22, 23, 24,

25]. In contrast, the expressive capacity of any-dimensional learning models

remains under-explored. While specific results exist [11, 10], these works were

not developed within the formal framework of any-dimensional transferability.

Transferability across dimensions A critical phenomenon in any-dimensional

learning is the preservation of output consistency across dimensions, provided

the inputs remain structurally similar. In the context of GNNs, this property

was introduced as transferability [2]. Related literature also refers to this as

the convergence and stability of the GNN model [26]. This concept has since

been further developed [27, 5] and widely studied in various GNN variants [28,

29, 30]. More recently, [1] proposed a unified framework for analyzing data

defined across dimensions, extending beyond the graph domain. Building upon

their previous work [31, 32], they introduce consistent sequences to define a

limit space that contains input objects of arbitrary dimension. This framework

enables the computation of distances between objects of differing dimensions.

Equivariant machine learning Our work naturally aligns with equivariant

machine learning, a field that focuses on incorporating symmetry properties into
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learning models. Initial investigations into this field primarily focus on graph

convolutional networks [33, 34]. Subsequently, these approaches are unified

under the framework of geometric machine learning [35], applying geometric

principles to a wide variety of data structures, including sets [36, 37], graphs

[38, 39], point clouds [40, 41]. Besides graph convolutions, there are also many

other equivariant machine learning models expressed in terms of representation

theory [42, 43, 44], canonicalization [45], and invariant theory [46, 47, 48], among

others.

Dimension-free learning Numerous dimension-free learning models exist

that are capable of processing inputs of arbitrary dimensions. In this work,

our focus is on architectures that preserve specific symmetry properties across

dimensions, as exemplified by GNNs, DeepSets, among others discussed previ-

ously. Beyond these, the landscape of dimension-free learning involves several

other well-known paradigms. Convolutional Neural Networks (CNNs) [49] pro-

cess arbitrary image sizes via translation invariant convolution filters. Recurrent

Neural Networks (RNNs) [50] and Transformers [51] can handle arbitrary length

of natural language sentences. Neural Operators [52, 53] are designed to learn

mesh-free operators, allowing to work on grids of varying resolutions.
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Chapter 2

Background on transferability
across dimensions

In this chapter, we introduce the background on transferability across dimen-

sions, relying on the theoretical developments detailed in [1]. In brief, the frame-

work relies on two key conditions: (i) compatibility across dimensions, which

permits the definition of cross-dimensional functions on an extended limit space,

and (ii) continuity within this limit space, which enables meaningful compar-

isons between input objects of different dimensions.

First, we construct the limit space with the definition of a consistent se-

quence. A detailed formulation is provided in Definition 2.2. The direct sum of

consistent sequence is defined in Definition 2.3.

Definition 2.1. A consistent sequence V =
{︁
(𝑉𝑛)𝑛∈N ,

(︁
𝜑𝑁,𝑛

)︁
𝑛⪯𝑁 , (G𝑛)𝑛∈N

}︁
is a sequence of finite dimensional vector spaces 𝑉𝑛, maps 𝜑𝑁,𝑛 and groups G𝑛

acting linearly on 𝑉𝑛, indexed by a directed poset 1 (N,⪯), such that for all

𝑛 ⪯ 𝑁, the group G𝑛 is embedded into G𝑁 , and 𝜑𝑁,𝑛 : 𝑉𝑛 ↩→ 𝑉𝑁 is a linear,

G𝑛-equivariant embedding.
1The directed poset is a partial order on N where every two elements have an upper bound.
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Definition 2.2 (Detailed version of Definition 2.1). A consistent sequence

of group representations over directed poset (N,⪯) is

V =
{︁
(𝑉𝑛)𝑛∈N ,

(︁
𝜑𝑁,𝑛

)︁
𝑛⪯𝑁 , (G𝑛)𝑛∈N

}︁
,

where,

1. (Groups) (G𝑛) is a sequence of groups indexed by N such that whenever

𝑛 ⪯ 𝑁,G𝑛 is embedded into G𝑁 via an injective group homomorphism

𝜃𝑁,𝑛 : G𝑛 → G𝑁 , where

𝜃𝑖,𝑖 = idG𝑖
for all 𝑖 ∈ N,

𝜃𝑘, 𝑗 ◦ 𝜃 𝑗 ,𝑖 = 𝜃𝑘,𝑖 whenever 𝑖 ⪯ 𝑗 ⪯ 𝑘 in N.

2. (Vector spaces) (𝑉𝑛) is a sequence of (finite-dimensional, real) vector

spaces indexed by N, such that each 𝑉𝑛 is a G𝑛-representation, and when-

ever 𝑛 ⪯ 𝑁,𝑉𝑛 is embedded into 𝑉𝑁 through a linear embedding 𝜑𝑁,𝑛 :

𝑉𝑛 ↩→ 𝑉𝑁 , where

𝜑𝑖,𝑖 = id𝑉𝑖 for all 𝑖 ∈ N,

𝜑𝑘, 𝑗 ◦ 𝜑 𝑗 ,𝑖 = 𝜑𝑘,𝑖 whenever 𝑖 ⪯ 𝑗 ⪯ 𝑘 in N.

3. (Equivariance) Every 𝜑𝑁,𝑛 is G𝑛-equivariant, i.e.,

𝜑𝑁,𝑛 (𝑔 · 𝑣) = 𝜃𝑁,𝑛 (𝑔) · 𝜑𝑁,𝑛 (𝑣) for all 𝑔 ∈ G𝑛, 𝑣 ∈ 𝑉𝑛.

Definition 2.3. The 𝑑-th direct sum of V is defined as

V⊕𝑑 :=
{︂(︂
𝑉⊕𝑑
𝑛

)︂
,

(︂
𝜑⊕𝑑
𝑁,𝑛

)︂
, (G𝑛)

}︂
,
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where 𝑉⊕𝑑
𝑛 denotes the direct sum of 𝑑 copies of 𝑉𝑛 and 𝜑⊕𝑑

𝑁,𝑛
: 𝑉⊕𝑑

𝑛 → 𝑉⊕𝑑
𝑁

is

defined by applying 𝜑𝑁,𝑛 to each component. The group G𝑛 acts on 𝑉⊕𝑑
𝑛 by simul-

taneously acting on every copy of 𝑉𝑛, i.e. 𝑔 · (𝑣1, . . . , 𝑣𝑑) := (𝑔 · 𝑣1, . . . , 𝑔 · 𝑣𝑑).

We provide two types of consistent sequences that will be the focus of this

work in Example 2.4.

Example 2.4. Let 𝑉𝑛 = R𝑛, with the symmetric group S𝑛 acting by coordinate

permutation.

1. (Zero-padding embedding) The sequence is indexed by N with the stan-

dard ordering ≤, with the vector spaces embedding map 𝜑𝑁,𝑛 : 𝑉𝑛 ↩→ 𝑉𝑁 ,

𝜑𝑁,𝑛 ((𝑥1, . . . , 𝑥𝑛)) = (𝑥1, . . . , 𝑥𝑛, 0, . . . , 0⏞ˉ̄ ˉ⏟⏟ˉ̄ ˉ⏞
(𝑁−𝑛) 0’s

).

2. (Duplication-padding embedding) The sequence is indexed by N with

the divisibility ordering (𝑛 ⪯ 𝑁 whenever 𝑁 is divisible by 𝑛), with the

vector spaces embedding map 𝜑𝑁,𝑛 : 𝑉𝑛 ↩→ 𝑉𝑁 ,

𝜑𝑁,𝑛 ((𝑥1, . . . , 𝑥𝑛)) = (𝑥1, . . . , 𝑥1⏞ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ⏞
𝑁/𝑛 copies

, . . . , 𝑥𝑛, . . . , 𝑥𝑛⏞ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ⏞
𝑁/𝑛 copies

).

We are now able to define a common space that contains objects of any

dimensions, identified through the embedding equivalence. We further introduce

a notion of function compatibility, which ensures that mappings between such

spaces are well defined.

Definition 2.5. Define 𝑉∞ as the disjoint union
⨆︁
𝑉𝑛 modulo an equivalence

9



relation

𝑉∞ :=
⨆︂
𝑛

𝑉𝑛/∼,

where 𝑣 ∼ 𝜑𝑁,𝑛 (𝑣) whenever 𝑛 ⪯ 𝑁, and denote [𝑣] ∈ 𝑉∞ as the equivalence

class of 𝑣 ∈ 𝑉𝑛. G∞ and its element [𝑔] are defined analogously with the group

embedding map 𝜃𝑁,𝑛.

Definition 2.6. Let V =
{︁
(𝑉𝑛) ,

(︁
𝜑𝑁,𝑛

)︁
, (G𝑛)

}︁
and U =

{︁
(𝑈𝑛) ,

(︁
𝜓𝑁,𝑛

)︁
, (G𝑛)

}︁
be

two consistent sequences indexed by (N,⪯). A sequence of maps ( 𝑓𝑛 : 𝑉𝑛 → 𝑈𝑛)

is compatible with respect to V,U if 𝑓𝑁 ◦ 𝜑𝑁,𝑛 = 𝜓𝑁,𝑛 ◦ 𝑓𝑛 for all 𝑛 ⪯ 𝑁, and

each 𝑓𝑛 is G𝑛-equivariant.

It has been established in [1] that compatible maps are precisely those se-

quences that admit an extension to the limit, as formally stated in Proposi-

tion 2.7.

Proposition 2.7. Let V =
{︁
(𝑉𝑛) ,

(︁
𝜑𝑁,𝑛

)︁
, (G𝑛)

}︁
and U =

{︁
(𝑈𝑛) ,

(︁
𝜓𝑁,𝑛

)︁
, (G𝑛)

}︁
be two consistent sequences. A sequence of maps ( 𝑓𝑛 : 𝑉𝑛 → 𝑈𝑛) is compatible if

and only if it extends to the limit; that is, there exists a G∞-equivariant map

𝑓∞ : 𝑉∞ → 𝑈∞

such that 𝑓𝑛 = 𝑓∞ |𝑉𝑛 for all 𝑛.

The next step is to endow 𝑉∞ with a metric, allowing us to quantify how

“close” two objects of different dimensions are.

Definition 2.8. For a consistent sequence V, a sequence of norms
(︁
∥ · ∥𝑉𝑛

)︁
on

𝑉𝑛 is compatible if all the embeddings 𝜑𝑁,𝑛 and the G𝑛-actions are isometries.

i.e., for all 𝑛 ⪯ 𝑁, 𝑥 ∈ 𝑉𝑛, 𝑔 ∈ G𝑛,
∥︁∥︁𝜑𝑁,𝑛𝑥∥︁∥︁𝑉𝑁 = ∥𝑥∥𝑉𝑛 and ∥𝑔 · 𝑥∥𝑉𝑛 = ∥𝑥∥𝑉𝑛.
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Similarly to compatible maps, compatible norms are precisely those that

extend to the limit, that is, there exists a norm ∥ · ∥𝑉∞ on 𝑉∞ such that for any 𝑛

and 𝑥 ∈ 𝑉𝑛, ∥𝑥∥𝑉𝑛 = ∥𝑥∥𝑉∞ , and the G∞-action on 𝑉∞ is an isometry with respect

to ∥ · ∥𝑉∞ ; see Proposition 2.9 for a formal statement.

Proposition 2.9. A sequence of metrics (𝑑𝑛) on the spaces 𝑉𝑛 is compatible

if and only if it extends to a metric on the limit space. That is, there exists a

metric 𝑑∞ on 𝑉∞ such that

𝑑𝑛 (𝑥, 𝑦) = 𝑑∞( [𝑥], [𝑦]) for all 𝑛 ∈ N, 𝑥, 𝑦 ∈ 𝑉𝑛 ,

and the G∞-action on 𝑉∞ is an isometry with respect to 𝑑∞, i.e.,

𝑑∞(𝑔 · 𝑥, 𝑔 · 𝑦) = 𝑑∞(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑉∞, 𝑔 ∈ G∞ .

These constructions allow us to define a limit space that contains not only

the equivalence classes of finite-dimensional objects, but also their limits.

Definition 2.10. The limit space is the pair
(︂
𝑉∞,G∞

)︂
where 𝑉∞ denotes the

completion of 𝑉∞ with respect to ∥ · ∥𝑉∞, endowed with the symmetrized metric

d(𝑥, 𝑦) := inf
𝑔∈G∞

∥𝑔 · 𝑥 − 𝑦∥𝑉∞ for 𝑥, 𝑦 ∈ 𝑉∞

This symmetrized metric is a pseudometric on 𝑉∞ and a metric on the orbit

closures of 𝑉∞ under the action of G∞. With this metric, we can consider

functions on orbit closures that map “close” input objects to “close” outputs;

this leads to the notion of transferability. The established theorem formally

states that transferability of sequence of maps is exactly continuity in the limit

space.
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Definition 2.11. Let V,U be consistent sequences endowed with norms. A

sequence of maps ( 𝑓𝑛 : 𝑉𝑛 → 𝑈𝑛) is continuously transferable if there exists

𝑓∞ : 𝑉∞ → 𝑈∞ that is continuous with respect to ∥ · ∥𝑉∞ , ∥ · ∥𝑈∞, such that

𝑓𝑛 = 𝑓∞ |𝑉𝑛 for all 𝑛. Notice that if ( 𝑓𝑛) is transferable and equivariant, then it

must be compatible.

Theorem 2.12. Let V,U be consistent sequences and let ( 𝑓𝑛 : 𝑉𝑛 → 𝑈𝑛) be maps

between them. For any sequence (𝑥𝑛 ∈ 𝑉𝑛) converging to a limiting object 𝑥 ∈

𝑉∞ in d, if ( 𝑓𝑛) is continuously transferable, then d ( 𝑓𝑛 (𝑥𝑛) , 𝑓𝑚 (𝑥𝑚)) → 0 as

𝑛, 𝑚 → ∞. Furthermore, if (𝑥𝑛) converges to 𝑥 at rate 𝑅(𝑛) and ( 𝑓𝑛) is locally

Lipschitz-transferable, then

d ( 𝑓𝑛 (𝑥𝑛) , 𝑓𝑚 (𝑥𝑚)) ≲ 𝑅(𝑛) + 𝑅(𝑚).
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Chapter 3

Instantiations

In this chapter, we study several instantiations involving sets, graphs, and point

clouds. We begin by restating our goal in a more detailed form and outlining

a general proof strategy for each case. Section 3.1 addresses the case of sets,

Section 3.2 focuses on graphs, and Section 3.3 discusses point clouds.

In this paper, we consider the sequence of real-valued functions ( 𝑓𝑛 : 𝑉𝑛 →

R), where each 𝑓𝑛 is G𝑛-invariant.

First, our goal is to represent or approximate a transferable sequence. This is

meaningful only when the models are themselves transferable. In other words,

we aim to establish universality for any-dimensional models, which are cor-

responding to continuous functions in the orbit closure of the limit space. A

crucial observation is that, when constructing such continuous machine-learning

models, the choice of activation function plays a decisive role. We will later

see, in the graph case, that commonly used pointwise nonlinearities in fact lead

to discontinuous models. Thus, the activation function must be chosen carefully

to guarantee equivariance, continuity, and universality. Ensuring all simultane-

ously is the central challenge.

13



Second, universality is typically established on a compact input domain,

following Stone-Weierstrass arguments, which we recall below. The universal ap-

proximation property is meaningful only when the domain under consideration

is rich enough to cover common practical cases. Fortunately, under invariance

conditions, we can work within the orbit closure, which is a metric space, where

the compact subsets are sufficiently rich. Moreover, in certain settings, such as

set functions, one can even establish a necessary and sufficient condition for the

compactness of the orbit closure.

Proposition 3.1 (Stone-Weierstrass Theorem ([54], Thm. 5.7)). Let 𝐶 (𝑆) be

the sup-normed Banach space of all continuous real-valued functions on a com-

pact Hausdorff space 𝑆. Let 𝐴 be a closed subalgebra of 𝐶 (𝑆) which contains a

non-zero constant function. Then 𝐴 is dense in 𝐶 (𝑆) if and only if it separates

points.

Based on the two points above, the structure of each section will follow three

main steps:

1. Characterize compactness within the orbit closure of the limit space.

2. Construct an any-dimensional model that is continuous on this space.

3. Establish universality via the Stone–Weierstrass theorem by showing

that the proposed model forms a subalgebra and separates points in

the orbit closure.
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3.1 Set functions

3.1.1 Zero-padding compatibility

The zero-padding consistent sequence Vzero =
{︁
(𝑉𝑛) ,

(︁
𝜑𝑁,𝑛

)︁
, (G𝑛)

}︁
is defined as

follows. The index set N = (N,≤) is the poset of natural numbers equipped with

the standard ordering. For each 𝑛 ∈ N, let 𝑉𝑛 = R𝑛. For 𝑛 ≤ 𝑁, the zero-padding

embedding is defined by

𝜑𝑁,𝑛 : R𝑛 ↩→ R𝑁 , 𝜑𝑁,𝑛 (𝑥1, . . . , 𝑥𝑛) = (𝑥1, . . . , 𝑥𝑛, 0, . . . , 0⏞ˉ̄ ˉ⏟⏟ˉ̄ ˉ⏞
(𝑁−𝑛) 0’s

).

The group G𝑛 = S𝑛, which is the permutation group acting on R𝑛 by per-

muting coordinates: (𝑔 · 𝑥)𝑖 := 𝑥𝑔−1 (𝑖) for 𝑔 ∈ S𝑛. The embedding of groups is

given by, for 𝑛 ≤ 𝑁,

𝜃𝑁,𝑛 : S𝑛 ↦→ S𝑁 , 𝜃𝑁,𝑛 (𝑔) =
[︃
𝑔 0
0 𝐼𝑁−𝑛

]︃
.

For 𝑝 ∈ [1,∞), each𝑉𝑛 is equipped with the ℓ𝑝-norms, i.e., ∥𝑥∥𝑝 =
(︁∑︁𝑛

𝑖=1 |𝑥𝑖 |𝑝
)︁1/𝑝.

By Proposition 2.9, this induced a norm on 𝑉∞, also denoted as ∥ · ∥𝑝. Conse-

quently, the limit space is

𝑉∞ = ℓ𝑝 =

{︄
𝑥 = (𝑥𝑖)∞𝑖=1 : ∥𝑥∥𝑝 =

∞∑︁
𝑖=1

|𝑥𝑖 |𝑝 < ∞
}︄

for 𝑝 ∈ [1,∞).

The orbit closure under G∞-action, denoted as 𝑂
(︂
𝑉∞

)︂
, can be identified as

an ordered sequence in ℓ𝑝. The symmetric distance 𝑑𝑝 (𝑥, 𝑦) = min𝜎∈G∞ ∥𝑥 −𝜎 ·

𝑦∥𝑝 defines a metric on 𝑂
(︂
𝑉∞

)︂
.

Consider the 𝑑-th direct sum of Vzero as defined in Definition 2.3, V⊕𝑑
zero ={︂(︁

R𝑛×𝑑
)︁
,

(︂
𝜑⊕𝑑
𝑁,𝑛

)︂
, (S𝑛)

}︂
. Fix an arbitrary norm on R𝑑, and we then define the
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ℓ𝑝-norm on R𝑛×𝑑 as

∥𝑋 ∥𝑝 =
(︄
𝑛∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑

)︄1/𝑝

for 𝑝 ∈ [1,∞).

The constructions of the limit space and orbit closure are analogous.

We now introduce a description of compactness in the limit space ℓ𝑝
(︁
R𝑑

)︁
,

as stated in the following proposition.

Proposition 3.2 (Compactness in ℓ𝑝 (R𝑑) ([55], Chap. 1, Ex. 6)). Let 𝑝 ∈

[1,∞), a set 𝐾𝑝 ⊂ ℓ𝑝 (R𝑑) is compact if and only if it is

• closed,

• bounded:

sup
𝑋∈𝐾𝑝

∥𝑋 ∥𝑝 = sup
𝑋∈𝐾𝑝

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑

)︄1/𝑝

< ∞,

• uniformly tail-controlled:

lim
𝑁→∞

sup
𝑥∈𝐾𝑝

(︄∑︁
𝑛⩾𝑁

∥𝑋𝑛:∥𝑝R𝑑

)︄1/𝑝

= 0.

Example 3.3. 𝐾 := {(𝑥𝑖)∞𝑖=1 : 𝑥𝑖 = 2−𝑖𝜎𝑖, 𝜎𝑖 ∈ {0, 1},∀𝑖 ∈ N}, 𝐾 ⊂ ℓ𝑝 (R) is

compact.

For a compact set 𝐾𝑝 ⊂ ℓ𝑝
(︁
R𝑑

)︁
, let 𝑂

(︁
𝐾𝑝

)︁
denote its orbit closure. Since

the orbit map is clearly continuous, 𝑂
(︁
𝐾𝑝

)︁
is compact in 𝑂

(︂
𝑉∞

)︂
.Our goal is

to use a continuous model on 𝑂 (𝐾𝑝) to approximate the space of continuous

functions on it, denoted by 𝐶
(︂
𝑂 (𝐾𝑝)

)︂
.

Our next step is to seek a universal machine-learning model that remains

continuous on the orbit closure. We consider the DeepSets architecture [3] of
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the form

DeepSets(𝑋) = 𝜎̂

(︂ ∞∑︁
𝑖=1

𝜌(𝑋𝑖:)
)︂
, 𝑋 ∈ 𝐾𝑝,

where 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ), 𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1), ℎ ∈ N. Unfortunately, this is not a

continuous model, as the infinite sum may diverge for some sequences in 𝐾𝑝.

Even if we impose the constraint 𝜌 (0𝑑) = 0ℎ, the function 𝜌 may decay arbi-

trarily slowly, and compactness alone is insufficient to guarantee convergence.

Motivated by this observation, we slightly modify the DeepSets architecture so

that the inner functions exhibit at least a 𝑝-moment decay rate around zero.

DeepSets𝜌,𝜎̂∞ (𝑋) = 𝜎̂

(︂ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
· 𝜌(𝑋𝑖:)

)︂
, 𝑋 ∈ 𝐾𝑝, (3.1)

where 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ), 𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1), ℎ ∈ N. Each intermediate space Rℎ is

endowed with an arbitrary but fixed norm ∥ · ∥Rℎ . The following theorem shows

that DeepSets𝜌,𝜎∞ is indeed a continuous model on the orbit closure, when 𝜌 and

𝜎 are continuous. The proof is deferred to Section 4.1.1.

Theorem 3.4. Let ℎ ∈ N, 𝜌 ∈ 𝐶 (R𝑑 ,Rℎ), 𝜎 ∈ 𝐶 (Rℎ,R), and 𝑝 ∈ [1,∞). Then

DeepSets𝜌,𝜎∞ in (3.1) defines a continuous map 𝑂
(︁
𝐾𝑝

)︁
→ R, where 𝐾𝑝 ⊂ ℓ𝑝

(︁
R𝑑

)︁
is compact and 𝑂

(︁
𝐾𝑝

)︁
is equipped with the metric of symmetric distance .

Given the continuity condition, our next goal is to establish universality. The

theorem is stated below, and its proof is deferred to Section 4.1.2, following the

strategy of Stone’s Weierstrass theorem.

Theorem 3.5 (Universality of DeepSets∞). Let FDS denote the class of func-

tions of the form DeepSets𝜌,𝜎̂∞ in (3.1), where 𝑝 ∈ [1,∞), 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ) and
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𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1) for some ℎ, 𝑤 ∈ N, and 𝜙 is a continuous non-polynomial ac-

tivation function. 𝐾𝑝 ⊂ ℓ𝑝
(︁
R𝑑

)︁
is compact. Then FDS is dense in 𝐶

(︂
𝑂 (𝐾𝑝)

)︂
with respect to the supremum norm.

3.1.2 Duplication-padding compatibility

The duplication-padding consistent sequence Vdup =
{︁
(𝑉𝑛) ,

(︁
𝜑𝑁,𝑛

)︁
, (G𝑛)

}︁
is de-

fined as follows. The index set (N, · | ·) is the set of natural numbers with

divisibility partial order, where 𝑛 ⪯ 𝑁 if and only if 𝑛 | 𝑁. For each 𝑛 ∈ N,

𝑉𝑛 = R𝑛. For 𝑛 ⪯ 𝑁, the duplication embedding is given by

𝜑𝑁,𝑛 : R𝑛 ↩→ R𝑁 , 𝜑𝑁,𝑛 ((𝑥1, . . . , 𝑥𝑛)) = (𝑥1, . . . , 𝑥1⏞ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ⏞
𝑁/𝑛 times

, . . . , 𝑥𝑛, . . . , 𝑥𝑛),

The group G𝑛 = S𝑛, which is the permutation group acting on R𝑛 by per-

muting coordinates: (𝑔 · 𝑥)𝑖 := 𝑥𝑔−1 (𝑖) for 𝑔 ∈ S𝑛. The embedding of groups is

given by, for 𝑛 ⪯ 𝑁,

𝜃𝑁,𝑛 : S𝑛 ↦→ S𝑁 , 𝜃𝑁,𝑛 (𝑔) = 𝑔 ⊗ 𝐼𝑁/𝑛 .

The space 𝑉∞ can be identified with the space of step functions, whose

discontinuity points are rational. More precisely, each equivalence class [𝑥] ∈

𝑉∞, where 𝑥 ∈ 𝑉𝑛, corresponds to a step function

𝑓𝑥 : [0, 1] ↦→ R, 𝑓𝑥 (𝑡) = 𝑥𝑖 for 𝑡 ∈
(︃
𝑖 − 1
𝑛
,
𝑖

𝑛

]︃
, 𝑖 = 1, . . . , 𝑛.

For 𝑝 ∈ [1,∞), each 𝑉𝑛 is equipped with the normalized ℓ𝑝-norms, i.e.,

∥𝑥∥𝑝 =
(︁ 1
𝑛

∑︁𝑛
𝑖=1 |𝑥𝑖 |𝑝

)︁1/𝑝. Under the identification with step functions, this cor-

responds to ∥ 𝑓𝑥 ∥𝑝 =
(︂∫ 1

0 | 𝑓𝑥 (𝑡) |𝑝𝑑𝑡
)︂1/𝑝

. By Proposition 2.9, this induced a norm
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on 𝑉∞. Consequently, for 𝑝 ∈ [1,∞), the limit space is

𝑉∞ = 𝐿𝑝 ( [0, 1]) =
{︃
𝑓 : [0, 1] → R measurable :

∫ 1

0
| 𝑓 (𝑡) |𝑝𝑑𝑡 < ∞

}︃
.

The G∞-action on 𝑉∞ can be interpreted as composition with a measure-

preserving bijection, i.e.,

𝑔 · 𝑓 = 𝑓 ◦ 𝜑𝑔−1 ,

where 𝜑𝑔−1 ∈ 𝑆[0,1] is the corresponding measure-preserving bijection on [0, 1].

Under this view, the orbit closure of 𝑉∞ can be identified with P𝑝 (R), the space

of probability measures on R with finite 𝑝-th moment, endowed with Wasserstein

𝑝-distance. A detailed proof that the symmetric distance 𝑑𝑝 coincides with the

Wasserstein 𝑝-distance can be found in Proposition E.1 of [1].

Similarly, for the 𝑑-th direct sum of V⊕𝑑
dup, we fix an arbitrary norm on R𝑑.

The orbit closure can be identified with P𝑝
(︁
R𝑑

)︁
endowed with the Wasserstein

𝑝-distance with respect to ∥ · ∥R𝑑 .

We now introduce a description of compactness in the space of orbit closures,

as stated in the following proposition.

Proposition 3.6 (Compactness in P𝑝
(︁
R𝑑

)︁
with 𝑊𝑝 ([56], Prop 7.1.5)). For

𝑝 ∈ [1,∞), a set 𝐾 ⊂ P𝑝
(︁
R𝑑

)︁
is compact if and only if it is

• closed,

• tight: ∀𝜀 > 0, ∃𝐾𝜀 compact in R𝑑 , such that

𝜇

(︂
R𝑑\𝐾𝜀

)︂
≤ 𝜀, ∀𝜇 ∈ 𝐾,
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• p-uniformly integrable:

lim
𝑅→∞

sup
𝜇∈𝐾

∫
∥𝑥∥R𝑑>𝑅

∥𝑥∥𝑝
R𝑑

d𝜇(𝑥) = 0.

Example 3.7. It’s easy to verify the set 𝐾 =
{︁
𝜇 ∈ P𝑝 (R𝑑)

|︁|︁ (𝜇) ⊂ 𝐵(0, 𝑅)
}︁

is

a compact set, where 𝑅 > 0 is a constant.

For a compact set 𝐾 ⊂ P𝑝
(︁
R𝑑

)︁
, which is a compact set in the space of

orbit closures. We aim to approximate the space of continuous functions on it,

denoted by 𝐶 (𝐾).

We consider the normalized DeepSets architecture [10] defined by

DeepSets𝜌,𝜎̂∞ (𝜇) = 𝜎̂
(︃∫

𝜌𝑑𝜇

)︃
, (3.2)

where 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ), 𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1), ℎ ∈ N, and the intermediate space Rℎ is

endowed with a norm ∥ · ∥Rℎ . We denote by F𝑝 (R𝑑 ,Rℎ) the class of continuous

functions satisfying the 𝑝-moment growth condition, that is, there exists 𝑀 > 0

such that for any 𝑥 ∈ R𝑑,

∥ 𝑓 (𝑥)∥Rℎ ≤ 𝑀 (1 + ∥𝑥∥𝑝
R𝑑
).

The following theorem establishes that DeepSets𝜌,𝜎∞ defines a continuous model

when 𝜌, 𝜎 are continuous and 𝜌 satisfies the 𝑝-moment growth condition.

Theorem 3.8. Let ℎ ∈ N, 𝜌 ∈ F𝑝 (R𝑑 ,Rℎ), 𝜎 ∈ 𝐶 (Rℎ,R), and 𝑝 ∈ [1,∞). Then

DeepSets𝜌,𝜎∞ in (3.2) defines a continuous map 𝐾 → R, where 𝐾 ⊂ P𝑝 (R𝑑) is a

compact set equipped with the Wasserstein 𝑝-distance.

This theorem follows directly from the fact that𝑊𝑝-convergence is equivalent

to weak convergence in P𝑝, see [57], Def. 6.8 and Thm. 6.9.
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Finally, we establish the universality of the normalized DeepSets architecture

in (3.2). We note that the universality result in [10] applies only to measures

with compact support (Example 3.7), which corresponds to a special case of our

theorem. The proof of Theorem 3.9 can be found in Section 4.1.3.

Theorem 3.9 (Universality of DeepSets∞). Let FDS denote the class of func-

tions of the form DeepSets𝜌,𝜎̂∞ in (3.2), where 𝑝 ∈ [1,∞), 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ)

and 𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1) for some ℎ, 𝑤 ∈ N, and 𝜙 is a Lipschitz continuous,

non-polynomial activation function that is asymptotically polynomial at ±∞.

𝐾 ⊂ P𝑝 (R𝑑) is compact. Then FDS is dense in 𝐶 (𝐾) with respect to the supre-

mum norm.

We note that the Lipschitz continuity of the activation function 𝜙 ensures

that N𝑤,𝜙 (𝑑, ℎ) ⊂ F𝑝 (R𝑑 ,Rℎ), for 𝑝 ∈ [1,∞). The requirement that 𝜙 is asymp-

totically polynomial at ±∞ guarantees the approximation capability of neural

networks on non-compact domains; see [15]. Representative activation functions

meeting these conditions include ReLU, Softplus, and Sigmoid, among others.

3.2 Graph functions

The duplication-padding consistent sequence for graphs

V𝐺dup =
{︁
(𝑉𝑛) ,

(︁
𝜑𝑁,𝑛

)︁
, (G𝑛)

}︁
is defined as follows. The index set (N, · | ·) is the set of natural numbers with

divisibility partial order, where 𝑛 ⪯ 𝑁 if and only if 𝑛 | 𝑁. For each 𝑛 ∈ N,
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𝑉𝑛 = R𝑛×𝑛sym. For 𝑛 ⪯ 𝑁, the duplication embedding is given by

𝜑𝑁,𝑛 : R𝑛×𝑛sym ↩→ R𝑁×𝑁sym , 𝜑𝑁,𝑛 (𝐴) = 𝐴 ⊗
(︂
1𝑁/𝑛1⊤𝑁/𝑛

)︂
.

The group is the symmetric group 𝑆𝑛 and the group embedding is the same

as the case of duplication-padding sets. 𝑆𝑛 acts on 𝑉𝑛 via 𝑔 · 𝐴 = 𝑔𝐴𝑔⊤.

Similarly, the space 𝑉∞ can be identified with the space of step graphon by

𝑊𝐴 : [0, 1]2 ↦→ R, 𝑊𝐴 (𝑥, 𝑦) = 𝐴𝑖 𝑗 for (𝑥, 𝑦) ∈
(︃
𝑖 − 1
𝑛
,
𝑖

𝑛

]︃
×

(︃
𝑗 − 1
𝑛

,
𝑗

𝑛

]︃
, 𝑖, 𝑗 ∈ [𝑛] .

The symmetric group acts on the induced step graphon by

𝜎 ·𝑊𝐴 = 𝑊𝜎−1

𝐴 := 𝑊𝐴 (𝜎−1(𝑥), 𝜎−1(𝑦)).

We endow each 𝑉𝑛 with the normalized ℓ𝑝 norm, which extends to a norm

in 𝑉∞. This extension coincides with the 𝐿𝑝 norm on graphons

∥𝑊 ∥𝑝 :=
(︃∫
𝑆×𝑇

|𝑊 (𝑥, 𝑦) |𝑝𝑑𝑥𝑑𝑦
)︃1/𝑝

.

The symmetric distance coincides with the 𝛿𝑝 distance, defined by

𝑑 (𝑊,𝑊′) = 𝛿𝑝 (𝑊,𝑊′) := inf
𝜑∈𝑆[0,1]

∥ (𝑈𝜑 −𝑊) ∥𝑝,

where 𝑆[0,1] denotes the set of all measure-preserving bijections [0, 1] ↦→ [0, 1].

The orbit closure space can be identified with the space of symmetric measur-

able functions [0, 1]2 ↦→ R, modulo the equivalence relation 𝑊1 ∼ 𝑊2 whenever

𝛿𝑝 (𝑊1,𝑊2) = 0. More details for the duplication consistent sequence for graphs

can be found in [1].
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Next, we define the graphon space as

˜︃W0 := W0/∼

where W0 is the space of symmetric measurable functions [0, 1]2 ↦→ [0, 1],

and 𝑊1 ∼ 𝑊2 whenever 𝛿𝑝 (𝑊1,𝑊2) = 0. It is difficult to explicitly characterize

compactness in
(︂˜︃W0, 𝛿𝑝

)︂
, but we will see an example in Section 3.3. Our goal

is to construct a model that is continuous and universal on a compact subset of(︂˜︃W0, 𝛿𝑝
)︂
.

A direct construction is via the homomorphism density on graphons. A sim-

ple graph is a finite graph without loops and multi-edges. The homomorphism

density of a simple graph 𝐹 = (𝑉, 𝐸) in a graphon 𝑊 ∈ ˜︃W0 is defined as

𝑡 (𝐹,𝑊) =
∫
[0,1]𝑉

∏︂
𝑖 𝑗∈𝐸

𝑊
(︁
𝑥𝑖, 𝑥 𝑗

)︁ ∏︂
𝑖∈𝑉

𝑑𝑥𝑖 .

Proposition 3.10. Define the class of functions

HD := span{ 𝑡 (𝐹, ·) : 𝐹 is a simple graph },

the linear span of homomorphism density functions of simple graphs, defined on(︂˜︃W0, 𝛿𝑝
)︂
. Then HD ⊂ 𝐶 (˜︃W0) and is dense in 𝐶 (˜︃W0).

The proof is straightforward by Stone-Weierstrass theorem: by the counting

lemma (Lemma 10.22 in [8]), each 𝑡 (𝐹, ·) is continuous with respect to 𝛿□ and

therefore is continuous with respect to 𝛿𝑝; moreover, HD is a subalgebra since

𝑡 (𝐹1, ·) 𝑡 (𝐹2, ·) = 𝑡 (𝐹1 ⊔ 𝐹2, ·); and HD separates points because 𝛿𝑝 (𝑈,𝑊) = 0

is equivalent to 𝑡 (𝐹,𝑈) = 𝑡 (𝐹,𝑊) for every simple graph (Corollary 8.14 in [8]).

However, the model built directly from homomorphism densities is not tractable
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in practice because it is not a finite-parameter model: universality requires com-

puting homomorphism densities for infinitely many simple graphs. Instead, we

aim to parametrize these homomorphism densities so that graph patterns can

be learned from data. This is achieved through basic building blocks including

linear maps and the nonlinear activation function.

First, we introduce the linear equivariant map as in [11]. For 𝑘 ∈ N0, define

a class of functions

G𝑘 := {𝐺 : [0, 1]𝑘 ↦→ R measurable bounded }/∼a.e.,

where 𝐺1 ∼a.e. 𝐺2 if 𝐺1 = 𝐺2 almost everywhere. The set of linear equivariant

maps is defined as:

LE𝑘→𝑙 := {𝐿 ∈ B(G𝑘 ,G𝑙) : 𝐿 is equivariant},

where B(·, ·) denotes the bounded linear operators, and 𝐿 is called equivariant

if for all measure-preserving maps 𝜑 ∈ 𝑆[0,1] ,

𝐿 (𝐺𝜑) = 𝐿 (𝐺)𝜑 almost everywhere,

where 𝐺𝜑 (𝑥1, · · · , 𝑥𝑘 ) := 𝐺 (𝜑(𝑥1), · · · , 𝜑(𝑥𝑘 )).

The linear maps in LE𝑘→𝑙 must be consistent with the almost everywhere

equivalence relation in G𝑘 . To be specific, operations on sets of measure zero are

not in LE𝑘→𝑙 , for example, mapping 𝐺 (𝑥, 𝑦) to 𝐺′(𝑥) := 𝐺 (𝑥, 𝑥). Moreover, note

that equivariance here corresponds to any measure-preserving function, without

the restriction to bijection. The group permutation action can be regarded as an

invertible measure preserving function, whereas the duplication action can be
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expressed as 𝜑(𝑥) = 𝑁𝑥 mod 1, which is measure preserving but not invertible.

Therefore, the linear equivariant map can be understood to be equivariant with

respect to both the group action and the duplication action. There have been

some studies on this class of linear equivariant maps.

Proposition 3.11 (Dimension of LE𝑘→𝑙 ([11], Thm 4.2 )). Let 𝑘, 𝑙 ∈ N0. Then,

LE𝑘→𝑙 is a finite-dimensional vector space of dimension

dim LE𝑘→𝑙 =

min{𝑘,𝑙}∑︁
𝑠=0

𝑠!
(︃
𝑘

𝑠

)︃ (︃
𝑙

𝑠

)︃
≤ bell(𝑘 + 𝑙).

We provide a basis for this space and some examples of linear equivariant

maps.

Example 3.12. (Bases in LE2→3, dim LE2→3 = 13).

• Binary embeddings:

(𝐿1𝐺) (𝑥, 𝑦, 𝑧) = 𝐺 (𝑥, 𝑦), (𝐿2𝐺) (𝑥, 𝑦, 𝑧) = 𝐺 (𝑦, 𝑥),
(𝐿3𝐺) (𝑥, 𝑦, 𝑧) = 𝐺 (𝑥, 𝑧), (𝐿4𝐺) (𝑥, 𝑦, 𝑧) = 𝐺 (𝑧, 𝑥),
(𝐿5𝐺) (𝑥, 𝑦, 𝑧) = 𝐺 (𝑦, 𝑧), (𝐿6𝐺) (𝑥, 𝑦, 𝑧) = 𝐺 (𝑧, 𝑦).

• Unary marginal embedding:

(𝐿7𝐺) (𝑥, 𝑦, 𝑧) =
∫
[0,1] 𝐺 (𝑥, 𝑡) 𝑑𝑡, (𝐿8𝐺) (𝑥, 𝑦, 𝑧) =

∫
[0,1] 𝐺 (𝑡, 𝑥) 𝑑𝑡,

(𝐿9𝐺) (𝑥, 𝑦, 𝑧) =
∫
[0,1] 𝐺 (𝑦, 𝑡) 𝑑𝑡, (𝐿10𝐺) (𝑥, 𝑦, 𝑧) =

∫
[0,1] 𝐺 (𝑡, 𝑦) 𝑑𝑡,

(𝐿11𝐺) (𝑥, 𝑦, 𝑧) =
∫
[0,1] 𝐺 (𝑧, 𝑡) 𝑑𝑡, (𝐿12𝐺) (𝑥, 𝑦, 𝑧) =

∫
[0,1] 𝐺 (𝑡, 𝑧) 𝑑𝑡,

• Scalar embedding:

(𝐿13𝐺) (𝑥, 𝑦, 𝑧) =
∫
[0,1]2

𝐺 (𝑢, 𝑣) 𝑑𝑢𝑑𝑣.

Example 3.13. (Examples of linear equivariant maps).
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1. 𝑃 𝑗 : G𝑘 ↦→ G𝑘 ,

(𝑃 𝑗 𝐺) (𝑥1, · · · , 𝑥𝑘 ) = 𝐺 (𝑥2, · · · , 𝑥 𝑗−1, 𝑥1, 𝑥 𝑗 , · · · , 𝑥𝑘 ), 1 ≤ 𝑗 ≤ 𝑘

𝑃 𝑗 ∈ LE𝑘→𝑘 , which permutes the 𝑗-th coordinate to the first position.

2. Lift : G𝑘 ↦→ G𝑘+1,

(Lift 𝐺) (𝑥0, 𝑥1, · · · , 𝑥𝑘 ) = 𝐺 (𝑥1, · · · , 𝑥𝑘 ).

Lift ∈ LE𝑘→𝑘+1, which lifts the input with one redundant coordinate.

3. L0 : G𝑘 ↦→ G0,

(L0 𝐺) =
∫
[0,1]𝑘

𝐺 (𝑥1, · · · , 𝑥𝑘 ) 𝑑𝑥1 · · · 𝑑𝑥𝑘 , 𝑘 ≥ 1,

L0 ∈ LE𝑘→0, which integrates over all coordinates.

4. 𝐿1 ∈ LE𝑘→𝑙 , 𝐿2 ∈ LE𝑚→𝑘 , then 𝐿1 ◦ 𝐿2 ∈ LE𝑚→𝑙 .

Second, we introduce the tensor contraction operator that serves as the

nonlinear activation function in the network. The operator contracts over the

first two coordinates across all input tensors: For any number 𝑚 of input tensors,

each with dimension 𝑘𝑖 ≥ 2, the operator

𝑇 :
∏︂𝑚

𝑖=1
G𝑘𝑖 ↦→ G(∑︁𝑚

𝑖=1 𝑘𝑖)−2𝑚+2

(𝑇 (𝐺1, . . . , 𝐺𝑚))
(︂
𝑥, 𝑦, 𝑥1

3, . . . , 𝑥
1
𝑘1
, . . . , 𝑥𝑚3 , . . . , 𝑥

𝑚
𝑘𝑚

)︂
=

𝑚∏︂
𝑖=1

𝐺𝑖

(︂
𝑥, 𝑦, 𝑥𝑖3, . . . , 𝑥

𝑖
𝑘𝑖

)︂
.
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We define 𝑖-th linear layer as

L𝑖 (𝐺𝑖,𝑊) :=
⎛⎜⎜⎜⎜⎝
𝐿1
𝑖
(𝐺𝑖) + 𝑏1

𝑖
...

𝐿
ℎ𝑖
𝑖
(𝐺𝑖) + 𝑏ℎ𝑖𝑖

𝐿0
𝑖
(𝑊) + 𝑏0

𝑖

⎞⎟⎟⎟⎟⎠
,

where 𝐺𝑖 ∈ G𝑘𝑖 , for some 𝑘𝑖 ∈ N0; 𝐿 𝑗
𝑖
∈ LE𝑘𝑖→𝑚𝑖 𝑗

, 𝑏 𝑗
𝑖
∈ R, for 𝑗 ∈ [ℎ𝑖] and some

𝑚𝑖 𝑗 ≥ 2; 𝐿0
𝑖
∈ LE2→𝑚𝑖0 , for some 𝑚𝑖0 ≥ 2; 𝑊 ∈ ˜︃W0. We denote the map of 𝑖-th

linear layer L𝑊
𝑖

as:

L𝑊
𝑖 : G𝑘𝑖 ↦→

∏︂ℎ𝑖

𝑗=0
G𝑚𝑖 𝑗

,L𝑊
𝑖 (𝐺𝑖) = L𝑖 (𝐺𝑖,𝑊) .

We then contract them using 𝑇 to get the input of (𝑖 + 1)-th linear layer

𝑇 ◦ L𝑖 (𝐺𝑖,𝑊) := 𝐺𝑖+1 ∈ G(∑︁ℎ𝑖
𝑗=0 𝑚𝑖 𝑗 )−2ℎ𝑖

.

Suppose we have 𝑙 ≥ 1 layers. Let the input graphon be 𝐺1 = 𝑊 ∈ ˜︃W0. The

final output tensor 𝐺 𝑙+1 is then passed through L0, which is defined in Example

3.13.3 as the integral over all coordinates. Thus, the overall architecture, we

call it Tensor Contraction Graphon Network (TGN), can be written as:

𝑓 : ˜︃W0 → R, 𝑓 (𝑊) = L0 ◦ 𝑇 ◦ L𝑊
𝑙 ◦ · · · ◦ 𝑇 ◦ L𝑊

1 (𝑊). (3.3)
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More precisely, (3.3) is the following network:

𝑊
L𝑊

1−−−→
⎛⎜⎜⎜⎜⎝
𝐿1

1(𝑊) + 𝑏1
1

...

𝐿
ℎ1
1 (𝑊) + 𝑏ℎ1

1
𝐿0

1(𝑊) + 𝑏0
1

⎞⎟⎟⎟⎟⎠
𝑇−→ 𝐺2

L2
𝑙−−→ · · ·

· · ·𝐺 𝑙

L𝑊
𝑙−−−→

⎛⎜⎜⎜⎜⎝
𝐿1
𝑙
(𝐺 𝑙) + 𝑏1

𝑙
...

𝐿
ℎ𝑙
𝑙
(𝐺 𝑙) + 𝑏ℎ𝑙𝑙

𝐿0
𝑙
(𝑊) + 𝑏0

𝑙

⎞⎟⎟⎟⎟⎠
𝑇−→ 𝐺 𝑙+1

L0−−→ 𝑓 (𝑊)

Theorem 3.14. The tensor contraction graphon network, as defined in (3.3),

is well defined and continuous with respect to
(︂˜︃W0, 𝛿𝑝

)︂
.

The result follows immediately from the observation that the network imple-

ments a homomorphism density of a multigraph, which is a continuous function

with respect to the 𝛿𝑝 topology.

Theorem 3.15 (Universality with Tensor Contraction Graphon Networks). Let

F𝑑 be the class of functions which has the form

𝑓 : ˜︃W0 ↦→ R, 𝑓 (𝑊) =
𝑆∑︁
𝑠=1

𝛼𝑠 𝑓𝑠 (𝑊),

where each 𝑓𝑠 has the form of (3.3); 𝛼𝑠 ∈ R; 𝑆 ∈ N, then F𝑑 is dense in 𝐶
(︂˜︃W0

)︂
.

We defer the proof of Theorem 3.15 to Section 4.2.1
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3.3 Point cloud functions

Similar to the case of graphs, the duplication-padding consistent sequence for

point clouds V𝑃
dup =

{︁
(𝑉𝑛) ,

(︁
𝜑𝑁,𝑛

)︁
, (G𝑛)

}︁
is defined as follows. The index set

(N, · | ·) is the set of natural numbers with divisibility partial order, where 𝑛 ⪯ 𝑁

if and only if 𝑛 | 𝑁. For each 𝑛 ∈ N, 𝑉𝑛 = R𝑛×𝑘 , which represents sets of 𝑛 points

in R𝑘 , and 𝑘 is fixed. The group is G𝑛 = S𝑛 ×O(𝑘), where S𝑛 is the permutation

group, and O(𝑘) is the orthogonal group. The group action on 𝑉𝑛 is defined as:

(𝑔, ℎ) · 𝑋 = 𝑔𝑋ℎ⊤.

For 𝑛 ⪯ 𝑁, the duplication embedding is given by

𝜑𝑁,𝑛 : R𝑛×𝑘 ↩→ R𝑁×𝑘 , 𝜑𝑁,𝑛 (𝑋) = 𝑋 ⊗ 1𝑁/𝑛,

and the group embedding is given by

𝜃𝑁,𝑛 : S𝑛 × O(𝑘) ↩→ S𝑁 × O(𝑘), 𝜃𝑁,𝑛 (𝑔, ℎ) =
(︁
𝑔 ⊗ 𝐼𝑁/𝑛, ℎ

)︁
.

Consider the Euclidean norm ∥ · ∥2 on R𝑘 which corresponds to the inner

product preserved by elements of O(𝑘). We equip each 𝑉𝑛 with the normalized

ℓ𝑝 norm:

∥𝑋 ∥𝑝 =
(︄
1
𝑛

𝑛∑︁
𝑖=1

∥𝑋𝑖:∥𝑝2

)︄1/𝑝

, 𝑝 ∈ [1,∞).

Similar to the case of sets, we can identify each matrix 𝑋 ∈ R𝑛×𝑘 with a

step function [0, 1] ↦→ R𝑘 . Then the limit space can be identified with 𝑉∞ =
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𝐿𝑝
(︁
[0, 1];R𝑘

)︁
, the symmetric distance is defined as

𝑑 ( 𝑓 , 𝑔) = inf
ℎ∈O(𝑘)

inf
𝜑∈𝑆[0,1]

(︃∫ 1

0
∥ℎ( 𝑓 (𝑡)) − 𝑔(𝜑(𝑡))∥𝑝2𝑑𝑡

)︃1/𝑝
,

where 𝑆[0,1] is the set of measure preserving bijections. The orbit closure 𝑂 (𝑉∞)

can be identified with 𝑉∞/∼, where 𝑓 ∼ 𝑔 if 𝑑 ( 𝑓 , 𝑔) = 0.

In another view, we can identify each matrix 𝑋 ∈ R𝑛×𝑘 with an empirical

probability measure on R𝑘 . Then the orbit closure can be identified with the

probability measures on R𝑘 with the Wasserstein 𝑝 distance under the O(𝑘)

action. The symmetric distance can be given as

d𝑝 ( 𝑓 , 𝑔) = inf
ℎ∈O(𝑘)

𝑊𝑝

(︁
ℎ · 𝜇 𝑓 , 𝜇𝑔

)︁
,

where 𝜇 𝑓 = 𝑓#𝜆, 𝜆 is the Lebesgue measure on [0, 1]; the action of O(𝑘) is

ℎ · 𝜇 = ℎ#𝜇.

Consider a set

𝐾 𝑓 := { 𝑓 ∈ 𝐿𝑝
(︂
[0, 1];R𝑘

)︂
: sup
𝑡∈[0,1]

∥ 𝑓 (𝑡)∥2 ≤ 𝑅},

where 𝑅 > 0 is a positive constant, and we note that we will not distinguish

functions that are almost everywhere equal, and we can identify 𝐾 𝑓 with a

subset of 𝐿∞
(︁
[0, 1];R𝑘

)︁
. Then consider the set of push forward measures by

functions in 𝐾 𝑓 ,

𝐾𝜇 = { 𝑓#𝜆 : 𝑓 ∈ 𝐾 𝑓 },

as shown in Example 3.7, 𝐾𝜇 ∈ P𝑝
(︁
R𝑘

)︁
is compact, and since the orbit map is

continuous, we get a compact set in the orbit closure, denoted by 𝑂 (𝐾 𝑓 ).

30



Let 𝑝 = 2, define the covariance function 𝑊 𝑓 as

𝑊 𝑓 : [0, 1]2 ↦→ [0, 1], 𝑊 𝑓 (𝑥, 𝑦) := 1
2𝑅2 ⟨ 𝑓 (𝑥), 𝑓 (𝑦)⟩ +

1
2 ,

which is a symmetric measurable function if 𝑓 ∈ 𝐾 𝑓 . Then define the distance

between 𝑊 𝑓 and 𝑊𝑔 as

𝛿2
(︁
𝑊 𝑓 ,𝑊𝑔

)︁
= inf
𝜑∈𝑆[0,1]

∥︁∥︁𝑊 𝑓 −𝑊𝜑
𝑔

∥︁∥︁
𝐿2 ,

where 𝑊𝜑 (𝑥, 𝑦) := 𝑊 (𝜑(𝑥), 𝜑(𝑦)).

We consider the Invariant Graphon Network (IWN) architecture [11]

IWN : W0 → R,

𝑊 ↦→
𝑆∑︁
𝑠=1

𝐿
(2)
𝑠

(︂
𝜚

(︂
𝐿
(1)
𝑠 (𝑊) + 𝑏 (1)𝑠

)︂)︂
+ 𝑏 (2) ,

where 𝑆 ∈ N0, 𝐿 (1)
𝑠 ∈ LE2→𝑘𝑠 , 𝐿

(2)
𝑠 ∈ LE𝑘𝑠→0, 𝑏 (1)𝑠 , 𝑏 (2) ∈ R for 𝑘𝑠 ∈ N, 𝑠 ∈

{1, . . . , 𝑆}, and 𝜌 continuous, non-polynomial and acting pointwise. We input

the covariance function into the IWN, and obtain our model for point clouds

𝑂 (𝐾 𝑓 ) → (˜︂𝑊0, 𝛿2) → R (3.4)

𝑓 ↦→ 𝑊 𝑓 ↦→ IWN(𝑊 𝑓 ), (3.5)

and it is straightforward to verify that this mapping is well defined. We prove

in Section 4.3.1 and 4.3.2 that this model is continuous and universal.

Theorem 3.16. For 𝑓 , 𝑔 ∈ 𝐾 𝑓 ⊂ 𝐿2 (︁
[0, 1];R𝑘

)︁
, the model in (3.4) is continu-

ous with respect to the symmetric distance.
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Theorem 3.17 (Universality with Invariant Graphon Networks). Let FIWN be

the class of functions with the form of (3.4), then FIWN is dense in 𝐶
(︂
𝑂 (𝐾 𝑓 )

)︂
with respect to ∥ · ∥∞ .
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Chapter 4

Analysis

In this chapter, we present the detailed proofs of the theorem introduced in

Chapter 3. In particular, we show that our model is continuous in the limit

space and is universal to approximate continuous functions.

4.1 Missing proofs from Section 3.1

4.1.1 Proof of Theorem 3.4

Proof of Theorem 3.4. Since 𝐾𝑝 is compact, there exists 𝑀 > 0 such that

sup
𝑋∈𝐾𝑝

(︄ ∞∑︁
𝑗=1

∥𝑋 𝑗 :∥𝑝R𝑑

)︄1/𝑝

≤ 𝑀

Therefore,

sup
𝑋∈𝐾𝑝

sup
𝑖∈N

∥𝑋𝑖:∥R𝑑 = sup
𝑋∈𝐾𝑝

sup
𝑖∈N

(︂
∥𝑋𝑖:∥𝑝R𝑑

)︂1/𝑝
≤ sup
𝑋∈𝐾𝑝

(︄ ∞∑︁
𝑗=1

∥𝑋 𝑗 :∥𝑝R𝑑

)︄1/𝑝

≤ 𝑀.

Since 𝜌 is continuous, it maps compact sets to compact sets, thus, there

exists 𝑀𝜌 > 0 such that

sup
𝑋∈𝐾𝑝

sup
𝑖∈N

∥𝜌(𝑋𝑖:)∥Rℎ ≤ 𝑀𝜌 .
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Define

𝑆 : 𝐾𝑝 → Rℎ, 𝑆(𝑋) =
∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

S𝑛 : 𝐾𝑝 → Rℎ, S𝑛 (𝑋) =
𝑛−1∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:), 𝑛 > 1

S𝑛 is clearly continuous in 𝐾𝑝 since the coordinate projection, 𝜌, and finite

sums of continuous functions are all continuous. By the uniformly tail-controlled

condition in Proposition 3.2,

lim
𝑛→∞

sup
𝑋∈𝐾𝑝

∥S𝑛 (𝑋) − 𝑆(𝑋)∥Rℎ ≤ 𝑀𝜌 lim
𝑛→∞

sup
𝑋∈𝐾𝑝

∑︁
𝑖≥𝑛

∥𝑋𝑖:∥𝑝R𝑑
= 0

Therefore, S𝑛 uniformly converges to 𝑆. Then by the uniform limit theorem,

i.e., a uniform limit of continuous functions is continuous, 𝑆 is continuous in 𝐾𝑝.

Moreover, since 𝐾𝑝 is compact, then 𝑆 is uniformly continuous:

∀𝜀 > 0, ∃𝛿 > 0 such that ∀𝑋,𝑌 ∈ 𝐾𝑝, ∥𝑋 − 𝑌 ∥𝑝 ≤ 𝛿 ⇒ ∥𝑆(𝑋) − 𝑆(𝑌 )∥Rℎ ≤ 𝜀.

Observe that 𝑆 is G∞-action invariant, then 𝑆 defines a function on the space

of orbit closure 𝑂 (𝐾𝑝). Choose any [𝑋], [𝑌 ] ∈ 𝑂 (𝐾𝑝), 𝑑 ( [𝑋], [𝑌 ]) ≤ 𝛿 implies

that there exists 𝑔 ∈ G∞, such that ∥𝑔 · 𝑋 − 𝑌 ∥𝑝 ≤ 𝛿. Then

∥𝑆( [𝑋]) − 𝑆( [𝑌 ])∥Rℎ = ∥𝑆(𝑔 · 𝑋) − 𝑆(𝑌 )∥Rℎ ≤ 𝜀,

which yields that 𝑆 is uniformly continuous 𝑂 (𝐾𝑝) ↦→ Rℎ.

Finally, DeepSets𝜌,𝜎∞ = 𝜎 ◦ 𝑆, and 𝜎 is continuous, then the composition

DeepSets𝜌,𝜎∞ defines a continuous map 𝑂
(︁
𝐾𝑝

)︁
→ R.

□
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4.1.2 Proof of Theorem 3.5

We first introduce some notations, define:

Fcont :=
{︂
𝑓 (𝑥) = 𝜎

(︂ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌(𝑋𝑖:)
)︂ |︁|︁|︁ ℎ ∈ N, 𝜌 ∈ 𝐶

(︁
R𝑑 ,Rℎ

)︁
, 𝜎 ∈ 𝐶

(︁
Rℎ,R

)︁}︂
,

which is just the class of functions of the form DeepSets𝜌,𝜎∞ in (3.1), where

𝜌 ∈ 𝐶
(︁
R𝑑 ,Rℎ

)︁
and 𝜎 ∈ 𝐶

(︁
Rℎ,R

)︁
for some ℎ ∈ N.

The proof of Theorem 3.5 proceeds in two main steps. We first show that

Fcont is dense in 𝐶
(︂
𝑂 (𝐾𝑝)

)︂
by following the Stone-Weierstrass argument. We

then establish that FDS is dense in Fcont. And then by the transitivity of density,

FDS is therefore dense in 𝐶
(︂
𝑂 (𝐾𝑝)

)︂
. The proof is organized into the following

three lemmas.

Lemma 4.1. Fcont is a subalgebra of 𝐶
(︂
𝑂 (𝐾𝑝)

)︂
.

Proof of Lemma 4.1. To show Fcont is a subalgebra, it suffices to verify that it

is closed under scalar multiplication, addition, and pointwise multiplication.

1. Closure under scalar multiplication is trivial.

2. Closure under addition:

Let 𝑓1, 𝑓2 ∈ Fcont,then

𝑓1(𝑋) = 𝜎1

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌1 (𝑋𝑖:)
)︄
, 𝑓2(𝑋) = 𝜎2

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌2 (𝑋𝑖:)
)︄
,

for some 𝜌1 ∈ 𝐶 (R𝑑 ,Rℎ1), 𝜌2 ∈ 𝐶 (R𝑑 ,Rℎ2), 𝜎1 ∈ 𝐶 (Rℎ1 ,R), 𝜎2 ∈ 𝐶 (Rℎ2 ,R),

ℎ1, ℎ2 ∈ N. Then define:{︃
𝜌0 : R𝑑 → Rℎ1+ℎ2 , 𝜌0(𝑉) = (𝜌1(𝑉), 𝜌2(𝑉))
𝜎0 : Rℎ1+ℎ2 → R, 𝜎0 (𝑢1, 𝑢2) = 𝜎1 (𝑢1) + 𝜎2 (𝑢2)

,

35



which are both continuous. Then we get

( 𝑓1 + 𝑓2) (𝑋) = 𝜎0

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌1 (𝑋𝑖:) ,
∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌2 (𝑋𝑖:)
)︄

= 𝜎0

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌0 (𝑋𝑖:)
)︄
,

which implies closure under addition, 𝑓1 + 𝑓2 ∈ Fcont.

3. Closure under pointwise multiplication:

Define: {︃
𝜌′0 : R𝑑 → Rℎ1+ℎ2 , 𝜌′0(𝑉) = (𝜌1(𝑉), 𝜌2(𝑉))
𝜎′

0 : Rℎ1+ℎ2 → R, 𝜎′
0 (𝑢1, 𝑢2) = 𝜎1 (𝑢1) · 𝜎2 (𝑢2)

,

which are both continuous. Then we get

( 𝑓1 · 𝑓2) (𝑋) = 𝑓1(𝑋) · 𝑓2(𝑋) = 𝜎′
0

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌1 (𝑋𝑖:) ,
∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌2 (𝑋𝑖:)
)︄

= 𝜎′
0

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝𝜌′0 (𝑋𝑖:)
)︄
,

which implies closure under pointwise multiplication, 𝑓1 · 𝑓2 ∈ Fcont.

□

Lemma 4.2. Fcont separates points in 𝑂 (𝐾𝑝), and contains a nonzero constant

function.

We first claim that points lying in different orbits must differ in one of their

first finitely many coordinates. More precisely,

Claim 4.3. For 𝑋,𝑌 ∈ 𝐾𝑝 ⊂ ℓ𝑝 (R𝑑) compact, if for any 𝜀 > 0, the multisets

{𝑋𝑖: : ∥𝑋𝑖:∥R𝑑 > 𝜀} = {𝑌𝑖: : ∥𝑌𝑖:∥R𝑑 > 𝜀},
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then

𝑑 (𝑋,𝑌 ) = inf
𝑔∈G∞

∥𝑔 · 𝑋 − 𝑌 ∥𝑝 = inf
𝑔∈G∞

(︄ ∞∑︁
𝑖=1

∥𝑋𝑔−1 (𝑖): − 𝑌𝑖:∥
𝑝

R𝑑

)︄1/𝑝

= 0.

Proof of Claim 4.3. Denote the index sets

𝐼𝑥 (𝜀) := {𝑖 ∈ N : ∥𝑋𝑖:∥R𝑑 > 𝜀} ; 𝐼𝑦 (𝜀) = {𝑖 ∈ N : ∥𝑌𝑖:∥R𝑑 > 𝜀} .

By Proposition 3.2, sup𝑥∈𝐾𝑝

(︂∑︁∞
𝑖=1 ∥𝑋𝑖:∥

𝑝

R𝑑

)︂1/𝑝
< ∞, then 𝐼𝑥 (𝜀) and 𝐼𝑦 (𝜀) are

both finite sets, and |𝐼𝑥 (𝜀) | =
|︁|︁𝐼𝑦 (𝜀)|︁|︁. Then there exists 𝜎𝜀 ∈ 𝐺∞, such that

𝑋𝜎−1
𝜀 (𝑖): = 𝑌𝑖:, ∀𝑖 ∈ 𝐼𝑦 (𝜀).

Define

𝑓𝜀 (𝑖) := ∥𝑋𝑖:∥𝑝R𝑑
1{𝑉 : ∥𝑉 ∥R𝑑≤𝜀} (𝑋𝑖:), 𝑔0(𝑖) := ∥𝑋𝑖:∥𝑝R𝑑

; 𝑇𝑥 (𝜀) :=
∞∑︁
𝑖=1

𝑓𝜀 (𝑖),

where 1 denotes the indicator function. As 𝜀 → 0, 𝑓𝜀 (𝑖) → 0 pointwise, and

since 𝑓𝜀 (𝑖) ≤ 𝑔0(𝑖), and ∑︁∞
𝑖=1 ∥𝑋𝑖:∥

𝑝

R𝑑
< ∞, then by the dominated convergence

theorem, 𝑇𝑥 (𝜀) → 0.

Similarly, we can define 𝑇𝑦 (𝜀) := ∑︁
∥𝑌𝑖:∥R𝑑≤𝜀 ∥𝑌𝑖:∥

𝑝

R𝑑
, 𝑇𝑦 (𝜀) → 0 as 𝜀 → 0.

Therefore, ∀𝛿 > 0, ∃𝜀 > 0 small enough, such that 𝑇𝑥 (𝜀) + 𝑇𝑦 (𝜀) ≤ 𝛿𝑝21−𝑝.
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𝑑 (𝑋,𝑌 )𝑝 ≤ ∥𝜎𝜀 · 𝑋 − 𝑌 ∥𝑝𝑝

=
∑︁

𝑖∈𝐼𝑦 (𝜀)

∥︁∥︁𝑋𝜎−1
𝜀 (𝑖): − 𝑌𝑖:

∥︁∥︁𝑝
R𝑑 +

∑︁
𝑖∉𝐼𝑦 (𝜀)

∥︁∥︁𝑋𝜎−1
𝜀 (𝑖): − 𝑌𝑖:

∥︁∥︁𝑝
R𝑑

≤
∑︁
𝑖∉𝐼𝑦 (𝜀)

2𝑝−1
(︂∥︁∥︁𝑋𝜎−1 (𝑖):

∥︁∥︁𝑝
R𝑑 + ∥𝑌𝑖:∥𝑝R𝑑

)︂
≤ 2𝑝−1 (︁

𝑇𝑥 (𝜀) + 𝑇𝑦 (𝜀)
)︁

≤ 𝛿𝑝,

which means for any 𝛿 > 0, 𝑑 (𝑋,𝑌 ) ≤ 𝛿, implies 𝑑 (𝑋,𝑌 ) = 0. □

Proof of Lemma 4.2. Let 𝜎 ≡ 1, which implies that Fcont contains a nonzero

constant function.

As for the separating points, by Claim 4.3, for 𝑋,𝑌 ∈ 𝐾𝑝 and 𝑑 (𝑋,𝑌 ) > 0,

then there exists 𝜀 > 0, such that the finite multisets

{𝑋𝑖: : ∥𝑋𝑖:∥R𝑑 > 𝜀} ≠ {𝑌𝑖: : ∥𝑌𝑖:∥R𝑑 > 𝜀} .

More formally, denote

𝑚𝑥 (𝑣) := # {𝑖 : 𝑋𝑖: = 𝑣, ∥𝑋𝑖:∥R𝑑 > 𝜀} ; 𝑚𝑦 (𝑣) := # {𝑖 : 𝑌𝑖: = 𝑣, ∥𝑌𝑖:∥R𝑑 > 𝜀} ,

then the inequality of the two finite multisets can be written as

∃𝑣 ∈ R𝑑 , such that 𝑚𝑥 (𝑣) ≠ 𝑚𝑦 (𝑣).

Since the two multisets are finite, then

𝛾 := min
𝑢∈𝑄

∥𝑢 − 𝑣∥R𝑑 > 0,

38



where 𝑄 := {𝑢 ∈ R𝑑 : 𝑢 = 𝑋𝑖: or 𝑢 = 𝑌𝑖:, 𝑖 ∈ N, ∥𝑢∥R𝑑 > 𝜀, 𝑢 ≠ 𝑣}.

We denote 𝐵
𝜂
𝑣 := {𝑉 ∈ R𝑑 : ∥𝑉 − 𝑣∥R𝑑 < 𝜂}. By Urysohn’s Lemma

([58], Lemma 15.6), there exists a continuous function 𝜌 : R𝑑 → R, such that

𝜌

(︂
𝐵
𝜂/3
𝑣

)︂
= 1 and 𝜌

(︂
R𝑑/𝐵𝜂/2𝑣

)︂
= 0. Let ℎ = 1 and 𝜎(𝑢) = 𝑢, then,

𝜎

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌 (𝑋𝑖:)

)︄
= ∥𝑣∥𝑝

R𝑑
𝑚𝑥 (𝑣),

𝜎

(︄ ∞∑︁
𝑖=1

∥𝑌𝑖:∥𝑝R𝑑
𝜌 (𝑌𝑖:)

)︄
= ∥𝑣∥𝑝

R𝑑
𝑚𝑦 (𝑣).

Using the fact that 𝑚𝑥 (𝑣) ≠ 𝑚𝑦 (𝑣), we conclude that Fcont separates points

in 𝑂
(︁
𝐾𝑝

)︁
.

□

Lemma 4.4. FDS is dense in Fcont.

Proof of Lemma 4.4. The argument relies on the classical universal approxima-

tion theorem (UAT) for fully connected neural networks [13], which can be

stated as: for any 𝜂 > 0, and any 𝜌 ∈ 𝐶
(︁
R𝑑 ,Rℎ

)︁
, there exists 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ)

such that

sup
∥𝑉 ∥R𝑑≤𝑅

∥𝜌(𝑉) − 𝜌(𝑉)∥Rℎ ≤ 𝜂, (4.1)

where 𝑤 ∈ N and 𝜙 continuous, and non-polynomial; 𝑅 > 0 is some positive

constant.

Given any function 𝑓 ∈ Fcont, it admits the form

𝑓 (𝑋) = 𝜎
(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄
, 𝑋 ∈ 𝐾𝑝,

for some ℎ ∈ N, 𝜎 ∈ 𝐶 (Rℎ,R), 𝜌 ∈ 𝐶 (R𝑑 ,Rℎ).
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By compactness of 𝐾𝑝 in Proposition 3.2, we set

𝑀𝑥 := sup
𝑥∈𝐾𝑝

∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
.

Since 𝜌 is continuous, it maps compact sets to compact sets, so define

𝑀𝜌 := sup
∥𝑉 ∥R𝑑≤𝑀𝑥

∥𝜌(𝑉)∥Rℎ .

Then for every 𝑋 ∈ 𝐾𝑝,
∥︁∥︁∥︁∑︁∞

𝑖=1 ∥𝑋𝑖:∥
𝑝

R𝑑
𝜌(𝑋𝑖:)

∥︁∥︁∥︁
Rℎ

≤ 𝑀𝑥𝑀𝜌 .

Applying the UAT (4.1) to 𝜎, for any 𝜀 > 0, there exists 𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1),

such that

sup
∥𝑢∥Rℎ≤𝑀𝑥𝑀𝜌

|𝜎(𝑢) − 𝜎̂(𝑢) | ≤ 𝜀

2 .

Since 𝜎̂ is continuous, there exists 𝛿 > 0, such that

∥𝑢 − 𝑣∥Rℎ ≤ 𝛿 ⇒ |𝜎̂(𝑢) − 𝜎̂(𝑣) | ≤ 𝜀

2 .

Applying the UAT again to 𝜌, there exists 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ) such that

sup
∥𝑉 ∥R𝑑≤𝑀𝑥

∥𝜌(𝑉) − 𝜌(𝑉)∥Rℎ ≤ 𝛿

𝑀𝑥

.

Consequently,

sup
𝑥∈𝐾𝑝

∥︁∥︁∥︁∥︁∥︁ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
(𝜌(𝑋𝑖:) − 𝜌(𝑋𝑖:))

∥︁∥︁∥︁∥︁∥︁
Rℎ

≤ 𝑀𝑥 ·
𝛿

𝑀𝑥

= 𝛿.

Therefore,
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sup
𝑥∈𝐾𝑝

|︁|︁|︁|︁|︁𝜎
(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄
− 𝜎̂

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄|︁|︁|︁|︁|︁
≤ sup
𝑥∈𝐾𝑝

|︁|︁|︁|︁|︁𝜎
(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄
− 𝜎̂

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄|︁|︁|︁|︁|︁+|︁|︁|︁|︁|︁𝜎̂
(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄
− 𝜎̂

(︄ ∞∑︁
𝑖=1

∥𝑋𝑖:∥𝑝R𝑑
𝜌(𝑋𝑖:)

)︄|︁|︁|︁|︁|︁
≤ 𝜀

2 + 𝜀

2 = 𝜀,

which shows that FDS uniformly approximates every function in Fcont , and

therefore FDS is dense in Fcont. □

Proof of Theorem 3.5. By Proposition 3.1, the Stone–Weierstrass Theorem, and

Lemmas 4.1 and 4.2, we conclude that Fcont is dense in 𝐶
(︂
𝑂 (𝐾𝑝)

)︂
. Combining

this with Lemma 4.4 and the transitivity of density, it follows that FDS is dense

in 𝐶
(︂
𝑂 (𝐾𝑝)

)︂
. □

4.1.3 Proof of Theorem 3.9

We first define

Fcont :=
{︂
𝑓 (𝜇) = 𝜎

(︂∫
𝜌 𝑑𝜇

)︂ |︁|︁ ℎ ∈ N, 𝜌 ∈ F𝑝
(︂
R𝑑 ,Rℎ

)︂
, 𝜎 ∈ 𝐶

(︂
Rℎ,R

)︂ }︂
.

The proof strategy of Theorem 3.9 is similar to Theorem 3.5. We decompose

the proof into three auxiliary lemmas.

Lemma 4.5. Fcont is a subalgebra of 𝐶 (𝐾).
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Proof of Lemma 4.5. To show Fcont is a subalgebra, it suffices to verify that it

is closed under scalar multiplication, addition and pointwise multiplication.

1. Closure under scalar multiplication is trivial.

2. Closure under addition:

Let 𝑓1, 𝑓2 ∈ Fcont, 𝑓1(𝜇) = 𝜎1
(︁∫
𝜌1𝑑𝜇

)︁
and 𝑓2(𝜇) = 𝜎2

(︁∫
𝜌2𝑑𝜇

)︁
, for some

𝜌1 ∈ F𝑝 (R𝑑 ,Rℎ1), 𝜌2 ∈ F𝑝 (R𝑑 ,Rℎ2), 𝜎1 ∈ 𝐶 (Rℎ1 ,R), 𝜎2 ∈ 𝐶 (Rℎ2 ,R). We

choose positive constants 𝑀1 > 0, 𝑀2 > 0 such that for any 𝑥 ∈ R𝑑,

∥𝜌1(𝑥)∥Rℎ1 ≤ 𝑀1(1 + ∥𝑥∥𝑝
R𝑑
), ∥𝜌2(𝑥)∥Rℎ2 ≤ 𝑀2(1 + ∥𝑥∥𝑝

R𝑑
).

Then define:{︃
𝜌0 : R𝑑 → Rℎ1+ℎ2 , 𝜌0(𝑥) = (𝜌1(𝑥), 𝜌2(𝑥))
𝜎0 : Rℎ1+ℎ2 → R, 𝜎0 (𝑢1, 𝑢2) = 𝜎1 (𝑢1) + 𝜎2 (𝑢2)

,

which are both continuous.

∥𝜌0(𝑥)∥Rℎ1+ℎ2 =
∥︁∥︁(︁𝜌1(𝑥), 0ℎ2

)︁
+

(︁
0ℎ1 , 𝜌2(𝑥)

)︁∥︁∥︁
Rℎ1+ℎ2

≤
∥︁∥︁(︁𝜌1(𝑥), 0ℎ2

)︁∥︁∥︁
Rℎ1+ℎ2 +

∥︁∥︁(︁0ℎ1 , 𝜌2(𝑥)
)︁∥︁∥︁

Rℎ1+ℎ2 .

Since the sets

{︁
(𝑦, 0ℎ2) ∈ Rℎ1+ℎ2 : ∥𝑦∥Rℎ1 ≤ 1

}︁
,
{︁
(0ℎ1 , 𝑦) ∈ Rℎ1+ℎ2 : ∥𝑦∥Rℎ2 ≤ 1

}︁
are both compact in Rℎ1+ℎ2 , and the norm is continuous, then there exists

finite positive constant 𝐴 > 0, 𝐵 > 0, such that,

𝐴 = sup
∥𝑦∥

Rℎ1≤1
∥(𝑦, 0ℎ2)∥Rℎ1+ℎ2 , 𝐵 = sup

∥𝑦∥
Rℎ2≤1

∥(0ℎ1 , 𝑦)∥Rℎ1+ℎ2 .
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Thus,

∥𝜌0(𝑥)∥Rℎ1+ℎ2 ≤ 𝐴∥𝜌1(𝑥)∥Rℎ1 + 𝐵∥𝜌2(𝑥)∥Rℎ2 ≤ (𝐴𝑀1 + 𝐵𝑀2) (1 + ∥𝑥∥𝑝
R𝑑
),

which yields that 𝜌0 still satisfies 𝑝-moment growth condition.

Then we get

( 𝑓1 + 𝑓2) (𝜇) = 𝜎0

(︃∫
𝜌1𝑑𝜇 ,

∫
𝜌2𝑑𝜇

)︃
= 𝜎0

(︃∫
𝜌0𝑑𝜇

)︃
,

where 𝜎0 ∈ 𝐶 (Rℎ1+ℎ2 ,R) and 𝜌0 ∈ F𝑝 (R𝑑 ,Rℎ1+ℎ2), which implies closure

under addition.

3. Closure under pointwise multiplication

Define: {︃
𝜌′0 : R𝑑 → Rℎ1+ℎ2 , 𝜌′0(𝑥) = (𝜌1(𝑥), 𝜌2(𝑥))
𝜎′

0 : Rℎ1+ℎ2 → R, 𝜎′
0 (𝑢1, 𝑢2) = 𝜎1 (𝑢1) · 𝜎2 (𝑢2)

,

which are both continuous, and 𝜌′0 ∈ F𝑝 (R𝑑 ,Rℎ1+ℎ2) shown above. Then

we get

( 𝑓1 · 𝑓2) (𝜇) = 𝑓1(𝜇) · 𝑓2(𝜇) = 𝜎′
0

(︃∫
𝜌1𝑑𝜇 ,

∫
𝜌2𝑑𝜇

)︃
= 𝜎′

0

(︃∫
𝜌′0𝑑𝜇

)︃
,

which implies closure under pointwise multiplication, 𝑓1 · 𝑓2 ∈ Fcont.

□

Lemma 4.6. Fcont separates points in 𝐾, and contains a nonzero constant

function.

Proof of Lemma 4.6. Fcont contains a nonzero constant function is trivial. We

next show that Fcont separates points in 𝐾.
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Suppose 𝜇, 𝜈 ∈ 𝐾 ⊂ P𝑝
(︁
R𝑑

)︁
, and 𝜇 ≠ 𝜈. Then there exist a Borel set 𝐵 ⊂ R𝑑

such that 𝜇(𝐵) ≠ 𝜈(𝐵). Without loss of generality, assume 𝜇(𝐵) > 𝜈(𝐵). Let

𝛿 := 𝜇(𝐵) − 𝜈(𝐵) > 0.

Since R𝑑 is a metric space, then any measure in P𝑝 (R𝑑) is regular [59] (Thm

7.1.7). Therefore, by the definition of regularity, for any 𝜀 > 0, there exists a

closed set 𝐸 ⊂ 𝐵 such that

𝜇(𝐵) ≤ 𝜇(𝐸) + 𝜀,

and an open set 𝑂 ⊃ 𝐵 such that

𝜈(𝐵) ≥ 𝜈(𝑂) − 𝜀.

𝐸 and R𝑑\𝑂 are disjoint closed set in R𝑑. Then by Urysohn’s lemma [58]

(Lemma 15.6) , there exists a continuous function 𝜙 : R𝑑 → [0, 1], with 𝜙(𝐸) = 1

and 𝜙(R𝑑\𝑂) = 0.

Then, ∫
𝜙 𝑑𝜇 ≥ 𝜇(𝐸) ≥ 𝜇(𝐵) − 𝜀,∫
𝜙 𝑑𝜈 ≤ 𝜈(𝑂) ≤ 𝜈(𝐵) + 𝜀.

Let 𝜀 = 𝛿
3 > 0, then,∫

𝜙 𝑑𝜇 −
∫

𝜙 𝑑𝜈 ≥ 𝜇(𝐵) − 𝜈(𝐵) − 2𝜀 =
𝛿

3 > 0.

Recall

Fcont :=
{︃
𝑓 (𝜇) = 𝜎

(︃∫
𝜌𝑑𝜇

)︃
| ℎ ∈ N, 𝜌 ∈ F𝑝

(︂
R𝑑 ,Rℎ

)︂
, 𝜎 ∈ 𝐶

(︂
Rℎ,R

)︂}︃
.

Choose ℎ = 1, 𝜎(𝑢) = 𝑢, and 𝜌 = 𝜙 ∈ 𝐶
(︁
R𝑑

)︁
. 𝜌 satisfies |𝜌(𝑥) | ≤ 1 ≤ (1+∥𝑥∥𝑝

R𝑑
),
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which implies 𝜌 ∈ F𝑝
(︁
R𝑑 ,Rℎ

)︁
.

Then it follows that for any 𝜇, 𝜈 ∈ 𝐾 ⊂ P𝑝
(︁
R𝑑

)︁
with 𝜇 ≠ 𝜈, there exists a

function 𝑓 ∈ Fcont such that 𝑓 (𝜇) ≠ 𝑓 (𝜈).

□

Lemma 4.7. FDS is dense in Fcont.

Proof of Lemma 4.7. For any function 𝑓 ∈ Fcont, we can write

𝑓 (𝜇) = 𝜎
(︃∫

𝜌𝑑𝜇

)︃
, 𝜇 ∈ 𝐾,

for some ℎ ∈ N, 𝜌 ∈ F𝑝 (R𝑑 ,Rℎ), and 𝜎 ∈ 𝐶
(︁
Rℎ,R

)︁
. There exists a positive

constant 𝑀 > 0 such that for any 𝑥 ∈ R𝑑,

∥𝜌(𝑥)∥Rℎ ≤ 𝑀 (1 + ∥𝑥∥𝑝
R𝑑
).

By Theorem 3.8, the map 𝜇 ↦→
∫
𝜌𝑑𝜇 is continuous. Thus, its image of the

compact set 𝐾 is also compact. In particular, there exists 𝑀0 > 0 such that

sup
𝜇∈𝐾

∥︁∥︁∥︁∥︁∫ 𝜌𝑑𝜇

∥︁∥︁∥︁∥︁
Rℎ

≤ 𝑀0.

Applying the UAT in (4.1) to 𝜎, we obtain: for any 𝜀 > 0, there exists

𝜎̂ ∈ N𝑤,𝜙 (ℎ, 1) such that:

sup
𝜇∈𝐾

|︁|︁|︁|︁𝜎 (︃∫
𝜌𝑑𝜇

)︃
− 𝜎̂

(︃∫
𝜌𝑑𝜇

)︃|︁|︁|︁|︁ ≤ 𝜀

2 .

Since 𝜎̂ is continuous, there exists 𝛿 > 0 such that

∥𝑢 − 𝑣∥Rℎ ≤ 𝛿 ⇒ |𝜎̂(𝑢) − 𝜎̂(𝑣) | ≤ 𝜀

2 .

Since 𝐾 is compact, it is tight and 𝑝-uniformly integrable, by Proposition
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3.6. Let 𝐵𝑅 := {𝑥 ∈ R𝑑 : ∥𝑥∥R𝑑 ≤ 𝑅} denote the closed ball of radius 𝑅, then

∃ 𝑅1 > 0, such that sup
𝜇∈𝐾

𝜇

(︂
R𝑑\𝐵𝑅1

)︂
≤ 𝛿

4𝑀 (tight),

∃ 𝑅2 > 0, such that sup
𝜇∈𝐾

∫
R𝑑\𝐵𝑅2

∥𝑥∥𝑝
R𝑑

d𝜇 ≤ 𝛿

4𝑀 (𝑝-uniformly integrable).

Let 𝑅 := max{𝑅1, 𝑅2}, then

sup
𝜇∈𝐾

∫
R𝑑\𝐵𝑅

∥𝜌(𝑥)∥Rℎ𝑑𝜇(𝑥) ≤ sup
𝜇∈𝐾

∫
R𝑑\𝐵𝑅

𝑀 (1 + ∥𝑥∥𝑝
R𝑑
)𝑑𝜇

≤ 𝑀 sup
𝜇∈𝐾

𝜇(R𝑑\𝐵𝑅) + 𝑀 sup
𝜇∈𝐾

∫
R𝑑\𝐵𝑅

∥𝑥∥𝑝
R𝑑
𝑑𝜇

≤ 𝑀 sup
𝜇∈𝐾

𝜇(R𝑑\𝐵𝑅1) + 𝑀 sup
𝜇∈𝐾

∫
R𝑑\𝐵𝑅2

∥𝑥∥𝑝
R𝑑
𝑑𝜇

≤ 𝛿

4 + 𝛿

4 =
𝛿

2

Since the sets 𝐵𝑅 and R𝑑\𝐵2𝑅 are both closed, Urysohn’s Lemma implies

that there exists a continuous function

𝜙 : R𝑑 → [0, 1] such that 𝜙(𝑥) = 1 for 𝑥 ∈ 𝐵𝑅, 𝜙(𝑥) = 0 for 𝑥 ∈ R𝑑\𝐵2𝑅.

Then,

𝜙 · 𝜌(𝑥) := 𝜙(𝑥)𝜌(𝑥) ∈ 𝐶0
(︂
R𝑑 ,Rℎ

)︂
.

Moreover,

sup
𝜇∈𝐾

∫
∥𝜙 · 𝜌 − 𝜌∥Rℎ𝑑𝜇 ≤ sup

𝜇∈𝐾

∫
R𝑑\𝐵𝑅

∥𝜌(𝑥)∥Rℎ𝑑𝜇(𝑥) ≤ 𝛿

2 .

When approximating functions in 𝐶0(R𝑑), a stronger universal approxima-

tion theorem is available [15]. It states that if the activation function 𝜙 is
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continuous, nonpolynomial, and asymptotically polynomial at ±∞, then

𝐶0
(︂
R𝑑

)︂
⊂ N𝑤,𝜙 (𝑑, 1).

The extension to vector-valued functions is immediate. For any 𝑓 ∈ 𝐶0
(︁
R𝑑 ,Rℎ

)︁
,

write 𝑓 = ( 𝑓1, 𝑓2, . . . , 𝑓ℎ), where each 𝑓𝑖 ∈ 𝐶0
(︁
R𝑑

)︁
vanishes at infinity. Then we

can construct ℎ independent networks to approximate each output dimension.

Concatenating these networks yields a vector-valued neural network. Conse-

quently,

𝐶0
(︂
R𝑑 ,Rℎ

)︂
⊂ N𝑤,𝜙 (𝑑, ℎ).

Since 𝜙 · 𝜌 ∈ 𝐶0
(︁
R𝑑 ,Rℎ

)︁
, there exists 𝜌 ∈ N𝑤,𝜙 (𝑑, ℎ) such that

sup
𝑥∈R𝑑

∥𝜌(𝑥) − 𝜙 · 𝜌(𝑥)∥ ≤ 𝛿

2 .

Therefore,∥︁∥︁∥︁∥︁∫ (𝜌 − 𝜌)𝑑𝜇
∥︁∥︁∥︁∥︁
Rℎ

≤
∫

∥𝜙 · 𝜌 − 𝜌∥Rℎ𝑑𝜇 +
∫

∥𝜙 · 𝜌 − 𝜌∥Rℎ𝑑𝜇

≤ 𝛿

2 + 𝛿

2 = 𝛿,

and hence

sup
𝜇∈𝐾

|︁|︁|︁|︁𝜎̂ (︃∫
𝜌𝑑𝜇

)︃
− 𝜎̂

(︃∫
𝜌𝑑𝜇

)︃|︁|︁|︁|︁ ≤ 𝜀

2 .
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We define 𝑓 = 𝜎̂(
∫
𝜌𝑑𝜇) ∈ FDS, and estimate the approximation error:

sup
𝜇∈𝐾

|︁|︁|︁|︁𝜎 (︃∫
𝜌𝑑𝜇

)︃
− 𝜎̂

(︃∫
𝜌𝑑𝜇

)︃|︁|︁|︁|︁
≤ sup
𝜇∈𝐾

|︁|︁|︁|︁𝜎 (︃∫
𝜌𝑑𝜇

)︃
− 𝜎̂

(︃∫
𝜌𝑑𝜇

)︃|︁|︁|︁|︁ + sup
𝜇∈𝐾

|︁|︁|︁|︁𝜎̂ (︃∫
𝜌𝑑𝜇

)︃
− 𝜎̂

(︃∫
𝜌𝑑𝜇

)︃|︁|︁|︁|︁
≤ 𝜀

2 + 𝜀

2 = 𝜀,

which concludes that FDS is dense in Fcont.

□

Proof of Theorem 3.9. By Proposition 3.1, the Stone–Weierstrass Theorem, and

Lemmas 4.5 and 4.6, we conclude that Fcont is dense in 𝐶 (𝐾). Combining this

with Lemma 4.7 and the transitivity of density, it follows that FDS is dense in

𝐶 (𝐾). □

4.2 Missing proofs from Section 3.2

4.2.1 Proof of Theorem 3.15

Proof of Theorem 3.15. It suffices to prove that, for any simple function 𝐹 =

(𝑉, 𝐸), the homomorphism density 𝑡 (𝐹, ·) can be represented in the form (3.3).

The proof proceeds by induction on the number of edges. For the base case,

consider 𝐹 = (𝑉, 𝐸) with |𝐸 | = 1. In this case, we define

L𝑊
1 =

(︄
𝐿1

1(𝑊) + 𝑏1
1

𝐿0
1(𝑊) + 𝑏0

1

)︄
, 𝐿1

1(𝑊) = 0, 𝑏1
1 = 1, 𝐿0

1(𝑊) = 𝑊, 𝑏0
1 = 0.

Then 𝑇 ◦ L𝑊
1 (𝑊) = 𝑊, which, after integrating by L0, yields exactly the homo-

morphism density.
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Induction Hypothesis: Assume that for any simple graph 𝐹 = (𝑉, 𝐸) with

|𝐸 | = 𝑚 , 𝑚 ≥ 1 (regardless of the number of vertices), the following represen-

tation holds: ∏︂
(𝑖, 𝑗)∈𝐸

𝑊 (𝑥𝑖, 𝑥 𝑗 ) = 𝑇 ◦ L𝑊
𝑙 ◦ · · · ◦ 𝑇 ◦ L𝑊

1 (𝑊),

for some integer 𝑙 and layers {L𝑊
𝑖
}𝑙
𝑖=1.

Then consider a simple graph 𝐹 = (𝑉, 𝐸) with |𝐸 | = 𝑚 + 1. Choose an edge

𝑒 ∈ 𝐸 , and let 𝐹𝑒 = (𝑉𝑒, 𝐸𝑒) be the graph obtained by removing 𝑒. We have

|𝐸𝑒 | = 𝑚 and denote |𝑉𝑒 | = 𝑛, so by the induction hypothesis, 𝐹𝑒 admits the

desired representation, i.e.,

𝑇 ◦ L𝑊
𝑙 ◦ · · · ◦ 𝑇 ◦ L𝑊

1 (𝑊) = 𝐺 𝑙 (𝑥1, · · · , 𝑥𝑛) =
∏︂

(𝑖, 𝑗)∈𝐸𝑒

𝑊
(︁
𝑥𝑖, 𝑥 𝑗

)︁
.

Here we note that the output may be equal to the homomorphism density,

but the output tensor can contain more coordinates, as in the lift operation

defined in Example 3.13.2. However, since we are allowed to permute them as

in Example 3.13.1, we can, without loss of generality, assume that the output

tensor has exactly |𝑉𝑒 | coordinates.

Depending on the endpoints of 𝑒, the vertex set satisfies one of the following

cases:

1. |𝑉𝑒 | = |𝑉 |−2 : both endpoints of 𝑒 are new (the new edge forms a separate

component on two new vertices).

We can add one layer as:

𝐺 𝑙 →
(︃

Lift2(𝐺 𝑙)
𝑊

)︃
𝑇−→ 𝐺 𝑙+1,
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where Lift2 ∈ LE𝑛→𝑛+2 is defined as:

Lift2 : G𝑛 ↦→ G𝑛+2, (Lift2 𝐺) (𝑥0, 𝑦0, 𝑥1, · · · , 𝑥𝑛) = 𝐺 (𝑥1, · · · , 𝑥𝑛) .

And then take the integral over all coordinates of 𝐺 𝑙+1, which is just the

homomorphism density function with respect to 𝐹.

2. |𝑉𝑒 | = |𝑉 | − 1 : exactly one endpoint of 𝑒 is new (the new edge attaches

a new vertex to the existing graph), and suppose 𝑒 connects the vertex 𝑝 ∈ 𝑉𝑒

and a new vertex 𝑛 + 1. We can add one layer as:

𝐺 𝑙 →
(︃

LP(𝐺 𝑙)
𝑊

)︃
𝑇−→ 𝐺 𝑙+1,

where LP ∈ LE𝑛→𝑛+1 is defined as:

LP : G𝑛 ↦→ G𝑛+1, (LP 𝐺) (𝑥0, 𝑥1, · · · , 𝑥𝑛) = 𝐺
(︁
𝑥2, · · · , 𝑥𝑝, 𝑥1, 𝑥𝑝+1, · · · , 𝑥𝑛

)︁
.

3. |𝑉𝑒 | = |𝑉 | : both endpoints of 𝑒 already belong to 𝑉𝑒 (the new edge

connects two existing vertices), and suppose 𝑒 connects vertices 𝑝, 𝑞 ∈ 𝑉𝑒. Then,

we can add one layer as:

𝐺 𝑙 →
(︃

P𝑝𝑞 (𝐺 𝑙)
𝑊

)︃
𝑇−→ 𝐺 𝑙+1,

where P𝑝𝑞 ∈ LE𝑛→𝑛 is defined as (assume 𝑝 < 𝑞):

P𝑝𝑞 : G𝑛 ↦→ G𝑛,

(︁
P𝑝𝑞 𝐺

)︁
(𝑥1, · · · , 𝑥𝑛) = 𝐺

(︁
𝑥3, · · · , 𝑥𝑝+1, 𝑥1, 𝑥𝑝+2, · · · , 𝑥𝑞+1, 𝑥2, 𝑥𝑞+2, · · · , 𝑥𝑛

)︁
.

Therefore, by induction, we complete the proof. □
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4.3 Missing proofs from Section 3.3

4.3.1 Proof of Theorem 3.16

Proof of Theorem 3.16 . By Lemma 4.5 in [11], IWN is continuous with re-

spect to 𝛿2 distance. It suffices to show that 𝑓 ↦→ 𝑊 𝑓 is continuous with

symmetric distance in its input and 𝛿2 distance in its range.

For 𝑓 , 𝑔 ∈ 𝐾 𝑓 =
{︁
𝑓 ∈ 𝐿2 (︁

[0, 1];R𝑘
)︁

: sup𝑡∈[0,1] ∥ 𝑓 (𝑡)∥2 ≤ 𝑅
}︁
,

𝛿2(𝑊 𝑓 ,𝑊𝑔)2

= inf
𝜑∈𝑆[0,1]

(︃∫
[0,1]2

|︁|︁𝑊 𝑓 (𝑥, 𝑦) −𝑊𝑔 (𝜑(𝑥), 𝜑(𝑦))
|︁|︁2 𝑑𝑥𝑑𝑦)︃

=
1

4𝑅4 inf
𝜑∈𝑆[0,1]

(︃∫
[0,1]2

|⟨ 𝑓 (𝑥), 𝑓 (𝑦)⟩ − ⟨𝑔(𝜑(𝑥)), 𝑔(𝜑(𝑦))⟩|2𝑑𝑥𝑑𝑦
)︃

=
1

4𝑅4 inf
𝜑∈𝑆[0,1]

(︃∫
[0,1]2

|⟨ 𝑓 (𝑥) − 𝑔(𝜑(𝑥)), 𝑓 (𝑦)⟩ + ⟨𝑔(𝜑(𝑥)), 𝑓 (𝑦) − 𝑔(𝜑(𝑦))⟩|2𝑑𝑥𝑑𝑦
)︃

≤ 1
4𝑅2 inf

𝜑∈𝑆[0,1]

(︃∫
[0,1]2

(∥ 𝑓 (𝑥) − 𝑔(𝜑(𝑥))∥2 + ∥ 𝑓 (𝑦) − 𝑔(𝜑(𝑦))∥2)2 𝑑𝑥𝑑𝑦

)︃
≤ 1

2𝑅2 inf
𝜑∈𝑆[0,1]

(︃∫
[0,1]2

(︁
∥ 𝑓 (𝑥) − 𝑔(𝜑(𝑥))∥2

2 + ∥ 𝑓 (𝑦) − 𝑔(𝜑(𝑦))∥2
2
)︁
𝑑𝑥𝑑𝑦

)︃
=

1
𝑅2 inf

𝜑∈𝑆[0,1]

(︃∫ 1

0
∥ 𝑓 (𝑥) − 𝑔(𝜑(𝑥))∥2

2𝑑𝑥

)︃
Since for any ℎ ∈ O(𝑘),

𝑊ℎ· 𝑓 = ⟨ℎ · 𝑓 (𝑥), ℎ · 𝑓 (𝑦)⟩ = ⟨ 𝑓 (𝑥), 𝑓 (𝑦)⟩ = 𝑊 𝑓 ,

therefore,
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𝛿2(𝑊 𝑓 ,𝑊𝑔)2 = 𝛿2(𝑊ℎ· 𝑓 ,𝑊𝑔)2 ≤ 1
𝑅2 inf

𝜑∈𝑆[0,1]

(︃∫ 1

0
∥ℎ · 𝑓 (𝑥) − 𝑔(𝜑(𝑥))∥2

2𝑑𝑥

)︃
.

Then

𝛿2(𝑊 𝑓 ,𝑊𝑔) ≤
1
𝑅

inf
ℎ∈O𝑘

inf
𝜑∈𝑆[0,1]

(︃∫ 1

0
∥ℎ · 𝑓 (𝑥) − 𝑔(𝜑(𝑥))∥2

2𝑑𝑥

)︃1/2
=

1
𝑅
𝑑 ( 𝑓 , 𝑔),

which implies that the covariance map 𝑓 ↦→ 𝑊 𝑓 is continuous.

□

4.3.2 Proof of Theorem 3.17

The proof relies on the correspondence between 𝑂 (𝐾 𝑓 ) and (˜︂𝑊0, 𝛿2) under the

action of orthogonal group, together with the universality of the IWN model

on compact subsets of (˜︃W0, 𝛿2) [11]. We first state and prove several auxiliary

lemmas.

Lemma 4.8. For 𝑓 , 𝑔 ∈ 𝐾 𝑓 ⊂ 𝐿2 (︁
[0, 1];R𝑘

)︁
, and 𝑊 𝑓 ,𝑊𝑔 are the corresponding

covariance functions, then 𝑑 ( 𝑓 , 𝑔) = 0 if and only if 𝛿2(𝑊 𝑓 ,𝑊𝑔) = 0.

We first claim that

Claim 4.9. Let 𝑓 , 𝑔 ∈ 𝐿2 (︁
[0, 1],R𝑘

)︁
. Suppose that

⟨ 𝑓 (𝑥), 𝑓 (𝑦)⟩ = ⟨𝑔(𝑥), 𝑔(𝑦)⟩ for almost every 𝑥, 𝑦 ∈ [0, 1] .

Then there exists an orthogonal transformation ℎ ∈ O(𝑘) such that 𝑔 = ℎ 𝑓

almost everywhere.

Proof of Claim 4.9. First, we can identify 𝐿2 (︁
[0, 1],R𝑘

)︁
with L

(︁
𝐿2( [0, 1]),R𝑘

)︁
,
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which is the set of bounded linear operators between two Hilbert spaces 𝐿2( [0, 1]) ↦→

R𝑘 , equipped with the Hilbert–Schmidt norm ∥ · ∥𝐻𝑆.

To specify, each 𝑋 ∈ 𝐿2 (︁
[0, 1],R𝑘

)︁
can be written in components as

𝑋 = (𝜑1, . . . , 𝜑𝑘 )⊤ , 𝜑𝑖 ∈ 𝐿2( [0, 1]),

which defines a bounded linear map 𝑋 : 𝐿2( [0, 1]) → R𝑘 by

𝑋𝜑 = (⟨𝜑1, 𝜑⟩ , . . . , ⟨𝜑𝑘 , 𝜑⟩)⊤ .

Conversely, by Riesz Representation Theorem [60] (Thm 3.4), each bounded

linear operator 𝑋 ∈ L
(︁
𝐿2( [0, 1]),R𝑘

)︁
can be written as this form for some

𝜑1, · · · , 𝜑𝑘 ∈ 𝐿2( [0, 1]).

Define V𝑘 := span {𝜑1, . . . , 𝜑𝑘 }. Then 𝑋 vanishes on the orthogonal comple-

ment V⊥
𝑘

. Since 𝑋 : V𝑘 → R𝑘 is a linear map between finite-dimensional vector

spaces, it admits a singular value decomposition [61] (Thm. 6.26).

Thus, there exist non-negative singular values 𝜎1, . . . , 𝜎𝑘 ∈ R≥0, orthonormal

bases {𝑣1, . . . , 𝑣𝑘 } ⊂ R𝑘 , and {𝑢1, . . . , 𝑢𝑘 } ⊂ 𝐿2( [0, 1]) such that

𝑋 =

𝑘∑︁
𝑖=1

𝜎𝑖 ⟨𝑢𝑖, ·⟩ 𝑣𝑖 .

Moreover, for each 𝜎𝑖 > 0, the 𝑢𝑖 is an eigenvector of the self-adjoint operator

𝑋∗𝑋 corresponding to the eigenvalue 𝜎2
𝑖
. For indices 𝑖 with 𝜎𝑖 = 0, the vectors

𝑢𝑖 can be chosen to complete the set {𝑢1, . . . , 𝑢𝑘 } into an orthonormal basis of

V𝑘 .

Let 𝑋 𝑓 be the linear operator defined by function 𝑓 ∈ 𝐿2( [0, 1],R𝑘 ), i.e.

𝑋 𝑓 𝜑 = (⟨ 𝑓1, 𝜑⟩ , . . . , ⟨ 𝑓𝑘 , 𝜑⟩)⊤ ,
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and the adjoint operator

𝑋∗
𝑓 𝑣 =

𝑘∑︁
𝑖=1

𝑣𝑖 𝑓𝑖 .

Similar definition for 𝑋𝑔 and 𝑋∗
𝑔 . Then consider the self-adjoint operator,

for 𝜑 ∈ 𝐿2( [0, 1]),

(𝑋∗
𝑓 𝑋 𝑓 𝜑) (𝑥) =

𝑘∑︁
𝑖=1

⟨ 𝑓𝑖, 𝜑⟩ 𝑓𝑖 (𝑥) =
𝑘∑︁
𝑖=1

𝑓𝑖 (𝑥)
∫ 1

0
𝑓𝑖 (𝑦)𝜑(𝑦)𝑑𝑦

=

∫ 1

0
⟨ 𝑓 (𝑥), 𝑓 (𝑦)⟩ 𝜑(𝑦)𝑑𝑦.

Since ⟨ 𝑓 (𝑥), 𝑓 (𝑦)⟩ = ⟨𝑔(𝑥), 𝑔(𝑦)⟩ almost everywhere, then

𝑋∗
𝑓 𝑋 𝑓 = 𝑋∗

𝑔𝑋𝑔 .

Therefore, we can choose the same orthonormal bases {𝑢1, . . . , 𝑢𝑘 } ⊂ 𝐿2( [0, 1])

for 𝑋 𝑓 and 𝑋𝑔, such that

𝑋 𝑓 =

𝑘∑︁
𝑖=1

𝜎𝑖 ⟨𝑢𝑖, ·⟩ 𝑣𝑖, 𝑋𝑔 =

𝑘∑︁
𝑖=1

𝜎𝑖 ⟨𝑢𝑖, ·⟩ 𝑤𝑖,

where {𝑣1, . . . , 𝑣𝑘 } and {𝑤1, . . . , 𝑤𝑘 } are both the orthonormal bases in R𝑘 .

Then there exists ℎ ∈ O(𝑘) such that ℎ(𝑣𝑖) = 𝑤𝑖, which implies

ℎ𝑋 𝑓 = ℎ(
𝑘∑︁
𝑖=1

𝜎𝑖 ⟨𝑢𝑖, ·⟩ 𝑣𝑖) =
𝑘∑︁
𝑖=1

𝜎𝑖 ⟨𝑢𝑖, ·⟩ 𝑤𝑖 = 𝑋𝑔 .

For any 𝜔 ∈ R𝑘 ,

⟨𝑔(·), 𝑤⟩ = 𝑋∗
𝑔𝑤 =

(︁
ℎ𝑋 𝑓

)︁∗
𝑤 = 𝑋∗

𝑓 ℎ
⊤𝑤 =

⟨︁
𝑓 (·), ℎ⊤𝑤

⟩︁
= ⟨ℎ 𝑓 (·), 𝑤⟩,

yields 𝑔 = ℎ 𝑓 in 𝐿2( [0, 1],R𝑘 ). □
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Proof of Lemma 4.8. First, by Theorem 3.16, if 𝑑 ( 𝑓 , 𝑔) = 0, then 𝛿2(𝑊 𝑓 ,𝑊𝑔) =

0. We only need to show if 𝛿2(𝑊 𝑓 ,𝑊𝑔) = 0, then 𝑑 ( 𝑓 , 𝑔) = 0.

Since 𝛿2
(︁
𝑊 𝑓 ,𝑊𝑔

)︁
= 0, by Corollary 8.14 in [8], there exists measure-preserving

maps 𝜑, 𝜓 ∈ 𝑆[0,1] such that 𝑊𝜑

𝑓
= 𝑊

𝜓
𝑔 almost everywhere, which is just

⟨ 𝑓 (𝜑(𝑥)), 𝑓 (𝜑(𝑦))⟩ = ⟨𝑔(𝜓(𝑥)), 𝑔(𝜓(𝑦))⟩ for almost every 𝑥, 𝑦 ∈ [0, 1] .

By Claim 4.9, there exists ℎ ∈ O(𝑘) such that ℎ 𝑓 𝜑 = 𝑔𝜓 , where 𝑓 𝜑 (𝑥) =

𝑓 (𝜑(𝑥)).

𝑑 ( 𝑓 , 𝑔) = inf
ℎ∈O(𝑘)

inf
𝜑∈𝑆[0,1]

(︃∫ 1

0
∥ℎ( 𝑓 (𝑡)) − 𝑔(𝜑(𝑡))∥2

2𝑑𝑡

)︃1/2

= inf
ℎ∈O(𝑘)

inf
𝜑,𝜓∈𝑆 [0,1]

(︃∫ 1

0
∥ℎ( 𝑓 (𝜑(𝑡))) − 𝑔(𝜓(𝑡))∥2

2𝑑𝑡

)︃1/2

≤ 0,

which yields 𝑑 ( 𝑓 , 𝑔) = 0. Thus, 𝑑 ( 𝑓 , 𝑔) = 0 ⇔ 𝛿2
(︁
𝑊 𝑓 ,𝑊𝑔

)︁
= 0.

□

Lemma 4.10 ([8], Cor 8.14 and 10.34). 𝑈,𝑊 : [0, 1]2 ↦→ R are bounded sym-

metric measurable functions, the following are equivalent:

1. 𝛿𝑝 (𝑈,𝑊) = 0, 𝑝 ∈ [1,∞).

2. 𝛿□(𝑈,𝑊) = 0.

3. For any simple graph 𝐹, the homomorphism densities are equal, i.e.,

𝑡 (𝐹,𝑈) = 𝑡 (𝐹,𝑊).
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Proof of Theorem 3.17. We consider the class of functions Fℎ of the form

𝑓 ↦→ 𝑊 𝑓 ↦→ 𝑡
(︁
𝐹,𝑊 𝑓

)︁
,

where 𝐹 is a simple graph and 𝑡 denotes the homomorphism density. By Lemmas

4.8 and 4.10, the class Fℎ separates points. Analogous to Proposition 3.10, Fℎ

is dense in 𝐶
(︂
𝑂

(︁
𝐾 𝑓

)︁ )︂
.

By Theorem 3.16, and since the input 𝑂
(︁
𝐾 𝑓

)︁
is compact, the image of

𝑂
(︁
𝐾 𝑓

)︁
is a compact subset of

(︂˜︂𝑊0, 𝛿2
)︂

. The IWN model is universal on

compact subsets of
(︂˜︃W0, 𝛿2

)︂
, and thus can approximate arbitrarily well any

homomorphism density of simple graphs [11]. Consequently, FIWN is dense in

𝐶

(︂
𝑂

(︁
𝐾 𝑓

)︁ )︂
.

□
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Chapter 5

Conclusion and future work

In conclusion, we introduce transferable models and establish their universality

for three types of any-dimensional invariant models, operating on sets, graphs,

and point clouds, respectively. Future work includes finding transferable graph

models in cut distance, which ensures better combinatorial properties. Another

promising research direction is to explore the expressivity of any-dimensional

equivariant models.
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