Engineering Applications of Artificial Intelligence 179 (2026) 115179

Contents lists available at ScienceDirect

Artificial
Intelligence

Engineering Applications of Artificial Intelligence

journal homepage: www.elsevier.com/locate/engappai

Research paper

Boundary Region Reinforcement Physics-Informed Neural Networks for
solving partial differential equations

Shengtai Yao »"® | Weifeng Huang ", Yang Hu ¢, Qiang He >
a Department of Mechanical Engineering, Tsinghua University, Beijing, 100084, China

b State Key Laboratory of Tribology in Advanced Equipment, Tsinghua University, Beijing, 100084, China

¢ Applied Mathematics and Statistics, Johns Hopkins University, Baltimore, 21218, MD, United States

dSchool of Mechanical, Electronic and Control Engineering, Beijing Jiaotong University, Beijing, 100044, China

ARTICLE INFO ABSTRACT

Keywords:

Partial differential equations
Physics-Informed Neural Networks
Boundary Region Reinforcement
Computational accuracy

Deep learning

Thermo-elastic coupling system

Physics-Informed Neural Networks (PINNs) have emerged as a deep learning framework for solving partial
differential equations (PDEs). However, standard approaches often struggle to strictly enforce boundary
conditions, limiting their computational accuracy, especially in complex multiphysics coupled systems. To
address this challenge, we introduce Boundary Region Reinforcement Physics-Informed Neural Networks
(BRR-PINNs), a novel framework designed to strengthen boundary constraint enforcement and significantly
improve solution accuracy. The method converts non-Dirichlet conditions into exact Dirichlet boundaries using
intermediate variables to reduce redundant loss terms, and applies a spatial reinforcement function to prioritize
training near boundaries. We validate the effectiveness of BRR-PINNs on a two-dimensional axisymmetric
thermo-elastic coupling problem, involving a circular ring subjected to both thermal and mechanical loads.
Experimental results show that our method consistently outperforms several existing approaches, achieving

approximately one order of magnitude improvement in accuracy.

1. Introduction

With the continuous advancement of deep learning, its extensive
applications in areas such as image recognition, semantic understand-
ing, and autonomous driving rely largely on models trained with vast
amounts of data. However, in fields such as engineering applications,
there are some research problems in which obtaining a large amount
of data is infeasible or prohibitively costly. Raissi et al. (2019) pro-
posed Physics-Informed Neural Networks (PINNs), which integrate the
physical laws and experimental data into the loss function of the neu-
ral network. The entire training process involves minimizing the loss
function, ensuring that the resulting model satisfies the given equations
and conditions. The advantage is that it requires a small amount of,
or even no, labeled experimental data to obtain solutions to partial
differential equations (PDEs), due to the incorporation of physical laws
into the network. The core of PINNs computational capability lies in
automatic differentiation (AD) (Baydin et al., 2018), which enables it
to incorporate physical equations into the loss function. AD can be
conveniently accessed in commonly used frameworks such as PyTorch
and TensorFlow. Raissi et al. (2019) proposed two types of problem:
the data-driven solution and the data-driven discovery of partial differ-
ential equations. They validated the effectiveness of the PINNs method
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on equations involving the Schrédinger equation, Allen-Cahn equation,
and Navier-Stokes equations. Since it has been proposed, PINNs have
been applied in various fields, including heat transfer (Zobeiry and
Humfeld, 2021; Cai et al., 2021) chemical kinetics (Ji et al., 2021;
De Florio et al., 2022), fluid dynamics (Jin et al., 2021; Almajid and
Abu-Al-Saud, 2022), solid mechanics (Haghighat et al., 2021; Bai et al.,
2023; Le-Duc et al., 2024), systems biology (Yazdani et al., 2020),
geophysics (Kadeethum et al., 2020) etc.

After the proposal of PINNS, various variants have been proposed to
enhance the model performance and extend its application to different
problems. These include B-PINNs (Yang et al., 2021), based on a
Bayesian framework to mitigate over fitting and achieve higher predic-
tion accuracy in noisy data; CAN-PINN (Chiu et al., 2022), which cou-
ple AD with numerical differentiation (ND) to obtain greater robustness
and efficiency; g-PINNs (Yu et al., 2022), a gradient-enhanced method,
improves the smoothness of the obtained solution by adding derivative
terms to the loss function, thus enhancing the precision; cPINN (Jagtap
et al., 2020), designed to solve nonlinear conservation laws in discrete
domains, can efficiently lend itself to parallelized computation, etc. The

E-mail addresses: syao31@jh.edu (S. Yao), huangwf@mail.tsinghua.edu.cn (W. Huang), yanghu@bjtu.edu.cn (Y. Hu), heqiang@tsinghua.mail.edu.cn

(Q. He).

https://doi.org/10.1016/j.engappai.2026.115179

Received 8 October 2024; Received in revised form 22 April 2026; Accepted 19 May 2026

Available online 30 May 2026

0952-1976/© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/engappai
https://www.elsevier.com/locate/engappai
https://orcid.org/0009-0006-6576-9613
https://orcid.org/0000-0002-6053-9636
mailto:syao31@jh.edu
mailto:huangwf@mail.tsinghua.edu.cn
mailto:yanghu@bjtu.edu.cn
mailto:heqiang@tsinghua.mail.edu.cn
https://doi.org/10.1016/j.engappai.2026.115179
https://doi.org/10.1016/j.engappai.2026.115179










S. Yao et al.

Engineering Applications of Artificial Intelligence 179 (2026) 115179

Algorithm 1: Boundary Region Reinforcement Physics-Informed Neural Networks (BRR-PINNSs)

Data: Collocation points from the solution domain: x

1 Step 1: Formulate the governing PDEs and identify the primitive output variables u,,.

2 Step 2: Handle boundary conditions as follows:

3 for each primitive output variable u; in u, do
4 for each Dirichlet boundary condition for u; do
5 Compute the distance function ¢;;
6 end
_1
7 Calculate the approximate distance function (ADF): ¢(x) = (Z =1 #) ;
J
8 Give a particular solution ”i) o for u; ;
9 Impose Dirichlet boundary conditions for u;): u; = ufm + qbu;;
10 end
1 Define the set of intermediate output variables q for non-Dirichlet boundary conditions;
12 Construct the corresponding set of connecting equations f .
13 for each intermediate output variable ¢; in q do
14 Impose Dirichlet boundary conditions for ¢; using the “hard” method;
15 end

16 Step 3: Reinforce the boundary region

£l =l  mean( (f. (x)-BRRF(x)? ),

cne

o £ = S i
17 Compute the total loss function: £ =¥ Lip- + Y L] ;

18 Train the network parameters.

19 return 6
Result: Trained network parameters 0 (i.e., the solution)

BRRF
Y2
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(a) The BRREF distribution of a convex polygon
domain (square), reinforcement coeflicient 8 = 10

(b) The BRREF distribution of a concave polygon
domain, reinforcement coeflicient 8 = 5

-2 -1 0 1 2

(c) The BRRF function distribution over a
domain with curved boundaries, 8 = 5

Fig. 2. In two-dimensional problems, the BRRF distribution over various-shaped domains with red lines indicating the boundaries, including convex polygon

domain, concave polygon domain and domain with curved boundaries.

2. Prioritize interior points near the boundaries by reinforcing the
boundary region, leading to more accurate satisfaction of the
boundary conditions.

As shown in Table 1, we compare the proposed BRR-PINNs with
several existing approaches, including conventional PINNs, the “hard”
method, and g-PINNs, in terms of boundary enforcement, the number of
loss terms. Suppose that the number of governing PDEs is M ,; the total
number of boundary conditions is M,, among which M, are Dirichlet-
type constraints. Let M, denote the number of distinct connecting
equations. Clearly, M, < M, — M,. Let N denote the number of
sample points. Regarding boundary enforcement, the proposed BRR-
PINNs incorporate intermediate-variable transformation and Dirichlet
imposition (IVD), together with boundary region reinforcement (BRR).
Moreover, the additional computational overhead introduced by BRR
per training epoch is O(M_N).

Table 1
Comparison of the boundary enforcement and the number of loss terms of
different methods.

Method Boundary enforcement # Loss terms
Conventional PINNs “Soft” enforce M,+M,
“Hard” method PINNs “Hard” impose (Dirichlet-type) M, +M,-M,
g-PINNs “Soft” enforce 2M, + M,
BRR-PINNs IVD+BRR M,+M,

3. Numerical experiment

This section uses a two-dimensional axisymmetric thermo-elastic
coupling system of a circular ring as an example to demonstrate the
capabilities of BRR-PINNS. The problem is derived from the sealing ring
in a non-contact mechanical seal, with boundary conditions that closely
replicate practical operating environments, highlighting the method’s
applicability to real-world engineering problems. This problem can be
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Fig. 3. BRR-PINNs computational framework.

10° —— Conventional PINNs
—— "Hard" PINNs
g-PINNs

107! —— BRR-PINNs (Ours)
3
3
w 10—2

103

0 2000 4000 6000 8000
Epoch

Fig. 4. Accuracy comparison of different methods on heat transfer problem.
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Fig. 5. The effect of boundary reinforcement coefficient § in the heat transfer
problem.

divided into three parts: heat transfer, elastic deformation, and thermo-
elastic coupling deformation. The detailed description and setup can
be found in Appendix A. In this section, we will compare the pro-
posed BRR-PINNs method with several existing methods, including the
conventional PINNs, “Hard” method PINNs, and g-PINNs. To eval-
uate the computational result, a L, evaluation metric, as shown in
a7,

mean(| Predict — Exact |2 )
Ermee —\/ ( D, a7

mean(| Exact |2 )

where, “Predict” is the result of PINNs, and “Exact” is the result of
FEM. They are both vectors composed of the outputs at the collocation
points in the solution domain.

For each method, we follow the hyperparameter-tuning procedure
and the stopping criteria described in Appendix C.1. The details of the
tuning process and the parameters selected for each method will be
provided in Appendix C.2.

3.1. Heat transfer problem

The heat transfer problem that we considered is described in detail
in Appendix A.1. We compare the memory usage, computational time
per epoch, floating point operations (FLOPs) per epoch, and the com-
putational accuracy of the proposed BRR-PINNs with several existing
methods in Table 2, using the experimental setup in Table C.6. As
shown in the results, BRR-PINNs require memory usage and compu-
tational time comparable to conventional PINNs and “hard” methods,
while clearly outperforming g-PINNs, whose higher-order derivatives
lead to substantially higher computational cost. More importantly,
BRR-PINNs achieve a computational accuracy on the order of O(10~),
performing an improvement of approximately one order of magnitude
over the other methods.

As shown in Fig. 4, we present the accuracy of the different methods
throughout the training process. We can clearly observe the superiority
of our proposed method, BRR-PINNs, which achieves an accuracy of
the order of @(10~*). The resulting temperature-rise distributions from
BRR-PINNs and the absolute error with the FEM result can be found
in Fig. 6. More details of the hyperparameter tuning process, selected
parameters, the training process, and the resulting temperature-rise
distributions for each method are provided in Appendix C.2.1.

We further analyze the effect of the boundary reinforcement coef-
ficient g on each loss term and the overall accuracy. As shown in Fig.
5, increasing f leads to a clear decreasing trend in all loss of boundary
conditions, again demonstrating that our algorithm effectively enforces
the boundary conditions. However, as f increases, the loss terms of the
governing PDEs get less priority during training, resulting in an observ-
able increase in residuals. This reveals a trade-off between boundary
satisfaction and the governing equations. Consequently, the overall
error ¢,,,, first decreases and then increases as g increases. The choice
of g should therefore balance these two factors: it should be large
enough to significantly reduce the boundary losses, yet not so large
that it severely affects the PDEs residuals.

Moreover, when f = 1, the model simply incorporates the
intermediate-variable transformation and Dirichlet imposition with-
out applying boundary region reinforcement. This serves as an ab-
lation case for BRR-PINNs and highlights that the boundary region
reinforcement is the core component of the proposed architecture.
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Table 2
Comparison of different methods on the heat transfer problem.
Method GPU memory Time/epoch FLOPs/epoch Emse Stop epoch
Conventional PINNs 1.3 GB 0.46 s 2.797e10 1.5e-2 6600
“Hard” method PINNs 1.3 GB 0.56 s 2.801el10 7.1e-3 8200
g-PINNs 6.4 GB 1.33 s 1.113el1 9.9e-2 1200
BRR-PINNs (Ours) 1.6 GB 0.72's 3.428e10 6.0e—4 8400
T — To/(K) T — To/(K) Absolute Error/(K)
€0.02 10.0 10.0 ,é\0.0Z le+l
< 8.0 8.0 = — / le+0
6.0 6.0 - |11
0.01 0.01 » N 1
4.0 4.0 \ le-2
2.0 2.0 ‘ N |
0.00 0.0 0.00 . 0.0 0.00 ‘ el B
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) r/(m) r/(m)
(a) FEM (b) BRR-PINNs (c) Absolute Error
Fig. 6. The result from BRR-PINNs.
Table 3
Comparison of different methods on elastic deformation problem.
Method GPU memory Time/epoch FLOPs/epoch €pmse (1)) €mse(Uz) Stop epoch
Conventional PINNs 12.13 GB 0.82 s 3.460e11 3.9e-3 1.1e-2 118k
“Hard” method PINNs 12.49 GB 0.88 s 3.464ell 3.2e-3 6.0e-3 160k
BRR-PINNs (Ours) 13.59 GB 1.04 s 3.831ell 1.1e-4 1.7e-3 161k
Additionally, we ran BRR-PINNs ten times, and the results were
stable. The mean accuracy, measured by ¢,,,, is 6.5e—4, and the 1094 —— Conventional PINNs
standard deviation is 4.3e—5. —— "Hard" PINNs
10-1 —— BRR-PINNs (Ours)

3.2. Elastic deformation problem

We then consider the elastic deformation problem, described in
detail in Appendix A.2. We compare our BRR-PINNs with conventional
PINNs and the “Hard” method PINNs. Note that g-PINNs require a
significantly larger computational graph for this problem and conse-
quently require far more GPUs memory (larger than 40 GB), beyond
what is typically available on standard GPUs. Therefore, we do not
include g-PINNs in our comparison.

Using the experimental setup in Table C.8, together with the hyper-
parameter tuning strategy and stopping criteria described in Appendix
C.1, the comparison results are presented in Table 3. It is evident
that our proposed BRR-PINNSs outperform other methods, achieving ap-
proximately one order of magnitude improvement in accuracy without
increasing too much training complexity, including GPU memory usage
or training time per epoch. The accuracy curves during training for dis-
placement in the r-direction and z-direction are shown in Figs. 7 and 8,
respectively. The predicted displacement maps obtained using the BRR-
PINNs, along with the corresponding absolute error distributions, are
shown in Fig. 9. Additional details including the selected parameters
and visualizations of the results from other methods are provided in
Appendix C.2.2.

Similarly to the heat transfer problem, the boundary coefficient
exhibits a parallel behavior in the elastic deformation case. As shown
in Figs. 10 and 11, increasing f leads to higher loss residuals of
governing PDEs while significantly reducing boundary condition errors.
The overall computational errors first decrease and then increase as g
grows, indicating the trade-off involved in selecting f.

3.3. Thermo-elastic deformation problem

Finally, we consider the thermo-elastic coupling deformation prob-
lem, described in detail in Appendix A.3. The comparison results are

0 50000 100000 150000

Epoch

Fig. 7. Accuracy comparison of different methods of z-direction displacement
on elastic deformation problem.

presented in Table 4 and Figs. 12 and 13. The predicted displacement
maps obtained using the BRR-PINNSs are shown in Fig. 14. More details
can be found in Appendix C.2.3. It is clear that our proposed method
is capable of accurately solving multiphysics coupling systems and
performs much better.

4. Discussion and future work

In summary, we proposed a novel framework, BRR-PINNs, and
demonstrated its ability to significantly enhance computational accu-
racy across three representative problems: the heat transfer problem,
the elastic deformation problem, and the thermo-elastic deformation
problem. Compared to several existing approaches, including conven-
tional PINNSs, “hard” method PINNs, and g-PINNs, our method achieves
an improvement of approximately one order of magnitude in precision.
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Table 4
Comparison of different methods on thermo-elastic deformation problem.
Method GPU memory Time/epoch FLOPs/epoch €pmse(U,) €mse(Uy) Stop epoch
Conventional PINNs 14.38 GB 0.94 s 4.120el1 2.7e-3 5.3e-2 95k
“Hard” method PINNs 14.55 GB 1.00 s 4.124el1 1.4e-3 1.2e-2 69k
BRR-PINNs (Ours) 14.26 GB 1.17 s 4.701ell 1.2e-4 1.4e-3 102k
Table A.5
100 —— Conventional PINNs Physical parameters for the two-dimensional axisymmetric circu-
"Hard" PINNs lar ring.
—— BRR-PINNs (Ours) Physical parameters
Inner diameter r, 0.135 m
§ 101 External diameter r, 0.1695 m
= Height h, 0.02 m
g Poisson ratio u 0.14
w Convective heat transfer coefficient 2 2.06e4 W/(m? K)
10-2 Heat conductivity coefficient k 60 W/(m K)
External temperature T, 303.15 K
Maximum temperature rise T}, 10 K
Elasticity modulus E 420 GPa
. Low pressure P, 1 MPa
0 50000 100000 150000 High pressure P, 10 MPa
Epoch Linear thermal expansion coefficient 4e—6 K1

Fig. 8. Accuracy comparison of different methods of r-direction displacement
on elastic deformation problem.

Furthermore, we conducted a detailed analysis of the boundary rein-
forcement coefficient and highlighted the trade-off between reducing
the governing PDE residuals and the satisfaction of the boundary
conditions.

Intuitively, the failure of conventional PINNs can be attributed
to the fact that, in the early stages of training, the model lacks
sufficient guidance on where to converge and may become trapped
in local minima, ultimately failing to satisfy all governing equations
and boundary conditions. Our method mitigates this issue by introduc-
ing a framework that prioritizes boundary regions over the interior
domain. Experimental results demonstrate that this strategy effec-
tively guides the model toward more accurate solutions. Moreover, the
framework naturally extends to complex geometries, as illustrated in
Fig. 2. These observations indicate that BRR-PINNs hold strong poten-
tial for addressing more challenging systems, including complex geome-
tries, higher-dimensional PDEs, and nonlinear PDEs. However, further
validation of BRR-PINNs on these sophisticated problems remains an
important direction for future work.

Our future work will proceed in several directions. First, as men-
tioned above, we aim to validate the proposed framework on more
complex and challenging problems. Second, we plan to develop a
more rigorous mathematical explanation for the phenomena observed
in this study and further improve the efficiency and accuracy of the
framework. Finally, the current implementation still relies on empir-
ically tuned parameters. An additional research direction is to incor-
porate multi-task learning techniques or other self-adjusting weighting
strategies into the framework, while ensuring the model performance.
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Appendix A. Problem setup

In this paper, we consider the heat transfer and deformation prob-
lem of a two-dimensional axisymmetric circular ring, with symmetry in
the angular direction ¢. The physical parameters of the ring are listed
in Table A.5.

A.1. Heat transfer problem

The heat transfer equation in cylindrical coordinates (r, z, 6) is for-
mulated as shown in (A.1),
or _ <1 9 ( aT) 1 0°T a2T>
— =kl -—=\r= )+t —+— ).
ot ror \ or r2 002  0z2
where, T represents temperature; t denotes the time variable; and k is
the thermal conductivity coefficient. With the inclusion of steady-state
and symmetry conditions, the heat transfer equation is formulated as
shown in (A.2)
1o (o1, PT o,
ror\ or 072

The boundary conditions for the heat transfer problem are shown
in Fig. A.15. The shaded area represents a cross-section of the circular
ring, which is exposed to an environment at a temperature of 7. The
inner diameter boundary I'; and the bottom boundary I, are adiabatic
boundaries, the outer diameter boundary I3 is subject to convective
heat transfer and the upper boundary I;, an isothermal boundary, is
maintained at a constant temperature. The boundary conditions for
these four boundaries are given by (A.3)—(A.6),

oT
E=O, (r,z) € I

(A1)

(A.2)

(A.3)
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Displacement/(um) Displacement/(um) Absolute Error/(um)
~0.020 13.3450 =.0.020 1 13.3471 2.19e-3
$0.015 ' 13.1257 $0.015 ‘ 13.1270 1.64e-3

0.010 12.9064  0.010 12.9069 1.09e-3
0.005 12.6871 0.005 12.6869 | [5.46e-4
0.000 — 12.4678  0.000 — 12.4668 : r 1.30e-8
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
1/(m) 1/(m) 1/(m)
(a) u,(FEM) (b) u,(BRR-PINNs) (c) u,(Absolute Error)
Displacement/(um) Displacement/(um) Absolute Error/(um)
~0.020 0.0000 =0.020 0.0000 ~0.020 n 2.77e-3
<0.015 -0.1738 =0.015 -0.1743 \‘5‘0.015 2.08e-3
0.010 -0.3476  0.010 -0.3487  0.010 1.38e-3
0.005 -0.5214  0.005 -0.5230  0.005 6.92e-4
0.000 — -0.6952  0.000 ——— -0.6973 0.000 0.000
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) r/(m) r/(m)
(f) u;(Absolute Error)

(e) u,(BRR-PINNSs)

(d) u,(FEM)
Fig. 9. FEM solution and BRR-PINNs computed result for the elastic deformation problem (displacement field [u,,u,]), along with the absolute error between

them.
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B

Fig. 10. The effect of boundary reinforcement coefficient g on loss terms in
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Fig. 12. Accuracy comparison of different methods of r-direction displacement

on thermo-elastic deformation problem.

the elastic deformation problem.
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Fig. 13. Accuracy comparison of different methods of z-direction displace-

Fig. 11. The effect of boundary reinforcement coefficient # on accuracy in the . .
ment on thermo-elastic deformation problem.

elastic deformation problem.
(A.6)

T-Ty—Te (=0, (rnz)€ I,
where, h is the coefficient of convective heat transfer, k is the ther-

(A.4)
mal conductivity coefficient, and Ty, is the distribution of constant

or
= =0(aeh
(A.5)

Mr—mww§¥m4nmeq
r
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Displacement/(um) Displacement/(um) Absolute Error/(um)
~0.020 15.5278 ~0.020 - 15.5262 AO 020 2.36e-3
$0.015 154666 0.015 15.4650 ‘-’0 015 2.09¢-3

0.010 15.4054  0.010 15.4038 0. 010 1.82¢-3
0.005 15.3441  0.005 15.3427  0.005 1.56e-3
0.000 152829  0.000 152815  0.000 1.29¢-3
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
1/(m) r/(m) 1/(m)
(a) u,(FEM) (b) u,(BRR-PINNs) (c) uy(Error)

Displacement/(um) Displacement/(um) Absolute Error/(um)
~0.020 0.0000 =0.020 0.0000 ~0.020 7.59¢-4
<0.015 -0.0573 $0.015 -0.0571 <0.015 5.70e-4

0.010 -0.1147  0.010 -0.1143  0.010 3.80e-4
0.005 -0.1720  0.005 -0.1714  0.005 1.90e-4
0.000 -0.2293  0.000 * -0.2286  0.000 0.000
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) r/(m) r/(m)
(d) u,(FEM) (e) u;(BRR-PINNs) (£) u,(Error)

Fig. 14. FEM solution and BRR-PINNs computed result for the thermo-elastic coupling deformation problem (displacement field [u,,u.]), along with the absolute

error between them.

z
1 h ['4(Isothermal Boundary)
1
L I3 (Convective
I'; (Adiabatic Boundary)
Boundary)
Ty

n

m r
I’;(Adiabatic Boundary)

Fig. A.15. The boundary conditions of the heat transfer problem.

Tiso (l‘)
T (K)

0(K)

n 2

Fig. A.16. The temperature rise distribution of the isothermal boundary.

temperature rise on the boundary I, and is shown in Fig. A.16. In
this paper, T, is constructed by a function such that it satisfies the
boundary conditions of the inner and outer diameters simultaneously
at both ends. The construction method is shown in (A.7),

"

n+l n
T =T, (n( =) —@m+n(=1) 41
= " = rn=n ’
where, T,, is the maximum temperature rise; order n is used to control

the shape of the curve. In this work, we choose 7,, = 10K and n = 2.
Other physical parameters can be found in Table A.5.

(A7)

10

A.2. Elastic deformation problem

Next, we consider the elastic deformation for the two-dimensional
axisymmetric circular ring. The problem exhibits symmetry in the
angular direction, with shear stresses in the angular direction being
zero, i.e., 6y, = 0y, = 0,9 = 0,9 = 0. The equilibrium equations for
the infinitesimal element in cylindrical coordinates (r, z) are given by
(A.8)-(A.9),

F P
r% r—;’;’ +0,, — 0y =0, (A.8)
06 do,,
o2 S g, =0, (A.9)

where, according to the reciprocal theorem of shear stress, o,, = o,.
The relationship between the stress tensor and displacements for linear
elastic isotropic materials is given by (A.10)-(A.13),

1—u ou, " u, du,
=2G|—— A.10
Orr [1—2;4 or T 1-2n Ft (A.10)
26 1—u ur+ u auz+()u, (A11)
Cgp = — —+ — ||, .
v 1=2ur  1-2u\0dz or
1—u ou, u ou, u,
=2G [————= —+ =1, A.12
Ozz [1—2/4 0z 1-2u 6r+r ( )
du ou,
6,,=G ( 0: a—;) , (A.13)

where, u, represents the displacement in r direction; u, is the dis-
placement in z direction; y is the P01ssons ratio of the material; G
is the shear modulus, given by G = 2(1 T’ where E is the Young’s
modulus of the material. These parameters value can be found in
Table A.5. Egs. (A.8)-(A.13) can fully describe the elastic deformation,
and the output variables include displacement field [u,,u,]” and stress
tensor [o,,, 049, 0., 6,17 . The boundary conditions for elastic deforma-
tion problem are shown in Fig. A.17. Boundaries I', I'; and I, are
imposed pressure perpendicular to their surfaces. Boundary I', has high
pressure, P, = 10 MPa; boundary I'; has low pressure, P, = 1 MPa;
and boundary I, has a varying pressure distribution as shown in Fig.
A.18. Since the pressure acts perpendicularly to the surface, there are
no components along the surface direction. Boundary I, is imposed
a displacement constraint in z-direction, and similarly, there are no
stress components along the surface. On these four boundaries, the
stress component o,, = 0. The boundary condition equations for the
four boundaries are shown in (A.14)-(A.17),

=Py 0,,=0, (r,2) eI, (A14)
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P(r) T,(Varying pressure)

z
P h P, 1
I, (High I3 (Low
pressure) pressure)
0 T1 T- i

I, (z-direction
displacement constraint)

Fig. A.17. The boundary conditions of the elastic deformation problem.

= 10
[«
=
a5
5.
2.5.
0.1350 0.1465 0.1580  0.1695
r/(m)

Fig. A.18. The varying pressure distribution for the I, boundary.

u,=0; 0,,=0, (r,z)€rl,, (A.15)
o,=P; 0.,=0 (r,z)el;, (A.16)
0,,=P(); 0,,=0, (r,z) €Iy (A.17)

A.3. Thermo-elastic deformation problem

The thermo-elastic deformation equations for a two-dimensional
axisymmetric circular ring are analogous to the elastic deformation
equations. The equilibrium equations are same as those of elastic
deformation, as shown in (A.8)-(A.9). The expression for the stress
tensor needs to incorporate the thermal expansion effect, as illustrated
in (A.18)—(A.21),

1=y ou, U

=2G ur 4z AT (A.18)
T = T oy =2\ Tz )| T '
1—u u, u ou, Ou,
=2G — —_ —yAT Al
00 [1—2/4r+1—2ﬂ<6z+6r rat (A.19)
1—u ou, u ou, u,
=2G |——— —_— 4+ — —yAT A.2
Ozz G[I—Zy oz t1ozu\ar v 7 rabs (A.20)
ou ou
6,,=G ( —E+ E) , (A.21)
where, y is the thermal stress coefficient, y = 1(15,4’ where « is the

linear thermal expansion coefficient; AT is the temperature rise. It
should be noted that AT is not a constant; it varies with coordinates
(r, z). Therefore, when substituting it into the equilibrium equation,
”g—rT # 0. The boundary conditions imposed for thermo-elastic coupling
deformation problem are totally the same as elastic deformation, shown
in Appendix A.2.
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Appendix B. BRR-PINNs implementation details

In this section, we provide details on how to implement the BRR-
PINNs method, using the example problems defined in Appendix A.

B.1. Heat transfer problem implementation

The first step of the BRR-PINNs algorithm is to formulate the gov-
erning PDEs and determine the primitive output variables. As shown
in (A.2), there is only one equation and the single primitive variable is
the temperature T.

Step 2 addresses the boundary conditions given in (A.3)—(A.6).
Among them, only (A.6) is a Dirichlet condition, which can be di-
rectly enforced using the “hard” method described in Section 2.1. For
the other three boundary conditions, we introduce three intermediate
output variables:

aT oT aT
= —; = —; =h(T-T, k—. B.1
q; or 9 93 ( O) + or ®.D

ooz’
These intermediate variables are defined over the entire domain (r, z),
and their corresponding connecting equations are given as follows:

Sher =410 = T,
r
Faelr2) = 4y, = T,

f2rn)=q0r2)—h(T(r2)-Ty) -k

T (r, z)
or

Using these intermediate variables and connecting equations, the
boundary conditions can be reformulated as:

q,(r,2)=0, (r,2) €I, (B.2)
qx(r,2) =0, (r,z) € I}, (B.3)
q5(r,z) =0, (r,z) € I3, (B.4)

which are Dirichlet boundaries with respect to the intermediate vari-
ables [q;,¢,,49;]7, and can therefore be directly imposed using the
“hard” method.

Step 3 is to reinforce the boundary regions. The loss term corre-
sponding to each connecting equation can be expressed as:
ri

! . =o.  mean((fi . -BRRF)?). (B.5)

The output variables of the neural networks is [T, q;,¢,,4;]", and
the loss function is £ = Lppg + Z?zl L% .. The network is then trained
to minimize this total loss function.

In summary, the entire process described above is illustrated in Fig.
3.

B.2. Elastic deformation problem implementation

The formulation of the elastic deformation problem is presented in
(A.8)—(A.13). It is important to emphasize that only (A.8) and (A.9) are
the governing PDEs, representing the force balance of the differential
elements. In contrast, (A.10)-(A.13) are the constitutive relations that
describe the relationship between stress and displacement in specific
materials and are distinct from the governing equilibrium equations.
Therefore, the primitive variables are u, and u,.

The next step addresses the eight boundary conditions presented
in (A.14)—(A.17). The condition u, = 0 on the boundary I, is a stan-
dard Dirichlet condition which can be “hard” imposed. The remaining
conditions are not Dirichlet-type with respect to primitive variables
are u, and u,. It is natural to define four intermediate variables, o,,,
Gpgs Ozzs Orz, and (A.10)—(A.13) will serve as the connecting equations.
Compared to conventional PINNs, whose loss function consists of 2+8 =
10 terms, the BRR-PINNs method requires only 6 loss terms.

Finally, we proceed the boundary region reinforcement, which is the
same as Step 3 of the Theat transfer case in
Appendix B.1.
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Table C.6
Experimental setup for the heat transfer problem.

Experimental setup

Neural network 5 x 64 MLP
Activation function tanh

Optimizer Adam

Sampling method Random per epoch
Collocation points in domain 128 x 128
Collocation points per boundary 64

Batch size 1024

Checkpoint window size W 100

Stopping threshold & 0.01

GPU NVDIA RTX 4090

Appendix C. Missing details for Section 3

C.1. Hyperparameter selection and stopping criteria

Hyperparameter selection. The success of PINN-based methods relies on
careful hyperparameter tuning, including the learning rate, the weights
assigned to each loss term, the boundary reinforcement coefficient,
and others. In this paper, we adopt an empirical tuning strategy. For
each method-conventional PINNs, “hard” method PINNs, g-PINNs, and
BRR-PINNs-we follow the tuning procedure outlined below:

« Step 1: Select a learning rate that ensures a stable and consistent
decrease of the loss function.

« Step 2 (if applicable): Adjust the boundary reinforcement coeffi-
cient g.

+ Step 3: Empirically adjust the weights of the individual loss terms
according to their training behaviors.

Stopping criteria. Our stopping criteria is to monitor the whole loss
function L, and denote by L(i) the loss value at ith epoch. We define
checkpoints at epochs

kW, k=1,2,3,...

For each checkpoint kW with k > 2, compute the average loss over
current and previous windows of length W:

Engineering Applications of Artificial Intelligence 179 (2026) 115179

The relative improvement between two successive windows is de-
fined as
Lpre(k) - Lcur(k)

Lcur(k)

Using L., (k) as the denominator makes the measure sensitive to
orders of magnitude reductions. For example, when the loss decreases
from 0.01 to 0.001, the metric yields 4(k) = 9, while the decrease from
0.11 to 0.1 results in A(k) = 0.1. We then terminate training once the
relative improvement falls below a threshold, i.e., A(k) < &. In this
work, we set the stopping threshold to £ = 0.01.

A(k) =

C.2. Numerical experiment details
C.2.1. Details for heat transfer problem

We follow the hyperparameter tuning strategy and the stopping
criteria described in Appendix C.1. We first set all loss term weights
to 1 and the boundary reinforcement coefficient # to 10, then tune
the learning rate for each method. As shown in Fig. C.19, we select a
learning rate of le-5 for all methods. We also note that the oscillations
observed in g-PINNs arise from higher-order differentiation rather than
from the choice of learning rate.

We then tune the other parameters including the loss term weights
and boundary reinforce coefficient. We summarize the tuning process
in the following Table C.7. The loss value we report is the average of
the last W = 100 epochs. We note that parameter tuning and selection
are based on the behavior of each individual loss term; the errors with
respect to the “true” FEM solution are provided solely for reference.
The entries in bold in Table C.7 are the set of selected parameters, and
we provide the training process for each loss term in Fig. C.20.

For a more intuitive comparison, Fig. C.21 presents the predicted
temperature-rise distributions alongside the absolute error with respect
to the “true” FEM solution. It is clearly observed that BRR-PINNs
outperform the other methods.

C.2.2. Details for elastic deformation problem

The predicted displacement maps alongside the absolute error with
respect to the “true” FEM solution for each method are shown in Fig.
C.22.

C.2.3. Details for thermo-elastic deformation problem

kw
Loy (k) := 1 z L), We use the same experimental setup with the case of elastic defor-
i=(k—=D)W +1 mation problem, as shown in Table C.8. The predicted displacement
(k=W and error maps are shown in Fig. C.23 (see Tables C.9-C.12).
Lpre (k) = 5 Z L(i).
i=(k=2)W +1
Table C.7
Comparison of memory usage, computational time, and training complexity. For the first three methods, the loss-term weights follow the order
[Lpde sLr s Ly Lga ] For BRR-PINNS, the weights are ordered as L4 and the connecting equation losses generated by boundaries I'},T,,I';, respectively.
Entries in bold highlight the chosen parameter sets along with their corresponding outcomes.
Method Loss term weights p L Lioge Ly, Ly, Ly, Ly, Lgrad Stop epoch €rmse
[1,1,1,1,1,-] - 1.9e-2 7.8e—4 1.2e-3 1.5e—4 9.5e-5 1.7e-2 - 1500 1.2e-1
Conventional PINNs [1,1,1,1,10,-] - 5.5e-3 1.3e-3 5.1e-4 8.1e—4 1.5e-3 1.4e-4 - 7600 1.4e-2
[1,1,1,3,10,-] - 6.4e-3 1.2e-3 4.9e-4 7.9e—4 6.3e—4 2.0e—4 - 6600 1.5e-2
[1,1,1,1,-- - 2.4e-2 6.2e-3 8.9e-3 9.4e—4 7.9e-3 0 - 7400 1.2e-2
“Hard” PINNs [1,3,1,3,—- - 8.9e-2 2.7e-2 8.9e-3 2.7e-3 1.1le-2 0 - 4100 1.5e-2
[3,3,1,10,—,— - 3.3e-2 6.2e-3 2.3e-3 1.0e-4 7.8e—4 0 - 8200 7.1e-3
[1,1,1,1,1,1] - 2.6e-2 2.1e—-4 1.9e-3 3.7e—4 3.4e-3 2.0e-2 8.9e—-4 1200 1.3e-1
_PINNS [1,1,1,1,10,1] - l.1le-1 2.8e—-4 2.3e-2 4.9e-4 2.4e-2 5.6e-3 5.9e-3 1300 7.0e-2
8 [1,3,1,1,10,1] - 1.3e-1 5.1e-4 4.2e-3 3.3e-3 2.7e-2 7.9e-3 3.5e-3 1400 8.0e-2
[1,3,1,3,10,1] - 1.5e-1 3.3e—4 3.7e-3 5.2e—4 8.3e-3 1.1e-2 3.7e-3 1200 9.9e-2
[1,1,1,1] 1 2.9e-3 4.5e—-4 4.9e-3 3.2e-3 1.5e-2 0 - 7700 4.6e-2
[1,1,1,1] 10 2.8e-3 5.1e-4 4.0e-5 6.9e—6 1.3e-4 0 - 9300 1.0e-3
[1,1,1,1] 30 8.7e-3 1.0e-3 2.0e-5 2.8e-6 5.4e-5 0 - 8400 6.0e—4
[1,1,1,1] 100 8.5e-2 1.2e-2 1.7e-5 3.6e-6 4.1e-5 0 - 8400 7.9e-4
BRR-PINNs [1,1,1,1] 300 2.9e-1 8.7e-2 2.2e—6 1.8e-6 1.8e-5 0 - 9700 1.3e-3
[1,3,1,3] 30 1.3e-2 9.2e—-4 6.3e—6 1.7e-5 3.5e-5 0 - 11700 2.2e-3
[3,1,1,1] 30 1.8e-2 1.2e-3 7.7e—6 1.8e-5 1.2e-4 0 - 6100 2.0e-3
[10,1,1,3] 30 5.1e-2 1.1e-3 1.5e-4 4.9e-5 8.5e-5 0 - 8900 3.2e-3
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Fig. C.19. Learning rate tuning for each method.
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Fig. C.20. The training process of the selected model for each method.
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Table C.8

Experimental setup for the elastic deformation problem.

Experimental setup

Neural network

Activation function

Optimizer

Sampling method

Collocation points in domain
Collocation points per boundary
Batch size

Checkpoint window size W
Stopping threshold &

GPU

5 x 128 MLP

tanh

Adam

Random per epoch
128 x 128

128

4096

1000

0.01

NVDIA RTX 4090
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Table C.9
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The selected weight parameters for BRR-PINNs method in the elastic deforma-

tion problem.
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Fig. C.21. Comparison of the resulting temperature-rise distributions from several existing methods and BRR-PINNs.

Table C.10
The selected weight parameters for conventional PINNs and “hard” method PINNs in the elastic deformation problem.
Method Learning rate Ly L. L;‘ L(;I L'l‘_ L;ﬁz LE L;3 L;A L;A
Conventional PINNs le-5 1 1 3 10 3 1 1 10 30 1
“Hard” Method PINNs le-5 1 1 10 3 - 1 1 1 30 1
Table C.11
The selected weight parameters for BRR-PINNs method in the thermal-elastic deformation problem.
Learning rate Lioe Ly L, L,, L, L, g
le-5 1 1 3 1 3 10 100
Table C.12
The selected weight parameters for conventional PINNs and “hard” method PINNs in the thermo-elastic deformation problem.
Method Learning rate L. .. Ly Ly Ly Ly Ly Ly Ly Ly
Conventional PINNs le-5 1 1 1 3 30 1 1 1 10 10
“Hard” Method PINNs le-5 1 1 1 10 - 1 1 3 30 10

14
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Displacement/(m) Displacement/(um)
~0.020 7 13.3450 ~0.020 0.0000
E’0.0IS 13.1257 E0.0IS -0.1738
0.010 12.9064  0.010 -0.3476
0.005 12.6871 0.005 - _— -0.5214
0.000 12.4678 0.000 + %-0.6952
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) t/(m)
(a) u,(FEM) (b) u.(FEM)
Displacement/(um) Displacement/(um) Displacement/(um)
~0.020 § 13.3921 13.3890 —=0.020 13.3471
%0.015 “ 13.1723 13.1674 \E’O.OlS 13.1270
0.010 12.9524 12.9458 0.010 12.9069
0.005 12.7325 12.7242  0.005 12.6869
.000 12.5126  0.000 12.5025 0.000 : 12.4668
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) /(m) r/(m)
(¢) u, Conventional PINNs (d) u, "Hard" Method PINNs (e) u, BRR-PINNs
Absolute Error/(um) Absolute Error/(um) Absolute Error/(um)
~0.020 6.00e-2 ~0.020 4.40e-2 ~0.020 2.19e-3
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0.010 5.21e-2 0.010 ¢ 3.92e-2 0.010 1.09e-3
0.005 4.81e-2 0.005 | 3.68e-2 0.005 ¢ 5.46e-4
0.000 = 84.42¢-2 0.000 3.44e-2 0.000 : 1.30e-8
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) r/(m) r/(m)
(f) u, Conventional PINNs Error (g) u, "Hard" Method PINNs Error (h) u, BRR-PINNSs Error
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0.000 . — %-0.6950  0.000 ' %-0.7040 0.000 1 8-0.6973
0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695 0.1350 0.1465 0.1580 0.1695
r/(m) r/(m) r/(m)
(i) u, Conventional PINNs (j) u; "Hard" Method PINNs (k) u. BRR-PINNs
Absolute Error/(um) Absolute Error/(um) Absolute Error/(um)
~0.020 1.13e-2 ~0.020 8.85¢-3 ~0.020 2.77e-3
%0.015 8.49¢-3 \\5’0.015 6.64¢-3 E‘0.0IS 2.08e-3
0.010 5.66e-3 0.010 4.43e-3 0.010 1.38e-3
0.005 2.83e-3 0.005 2.21e-3 0.005 6.92e-4
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Fig. C.22. Comparison of the resulting displacement maps from several existing methods and BRR-PINNSs in the elastic deformation problem.
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Fig. C.23. Comparison of the resulting displacement maps from several existing methods and BRR-PINNs in the thermo-elastic deformation problem.
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